MAJOR ARCS FOR GOLDBACH’S PROBLEM

H. A. HELFGOTT

ABSTRACT. The ternary Goldbach conjecture, or three-primes problem, as-
serts that every odd integer n greater than 5 is the sum of three primes. The
present paper proves this conjecture.

Both the ternary Goldbach conjecture and the binary, or strong, Goldbach
conjecture had their origin in an exchange of letters between Euler and Gold-
bach in 1742. We will follow an approach based on the circle method, the
large sieve and exponential sums, supplemented by rigorous computations, in-
cluding a verification of zeros of L-functions due to D. Platt. The improved
estimates on exponential sums are proven in a twin paper by the author.
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1. INTRODUCTION

1.1. Results. The ternary Goldbach conjecture (or three-prime problem) states
that every odd number n greater than 5 can be written as the sum of three
primes. Both the ternary Goldbach conjecture and the (stronger) binary Gold-
bach conjecture (stating that every even number greater than 2 can be written
as the sum of two primes) have their origin in the correspondence between Euler
and Goldbach (1742).

I. M. Vinogradov [Vin37] showed in 1937 that the ternary Goldbach conjecture
is true for all n above a large constant C'. Unfortunately, while the value of C' has
been improved several times since then, it has always remained much too large
(C = €30 [LW02]) for a mechanical verification up to C' to be even remotely
feasible.

The present paper proves the ternary Goldbach conjecture.

Main Theorem. Every odd integer n greater than 5 can be expressed as the sum
of three primes.

The proof given here works for all n > C = 10%°. The main theorem has
been checked deterministically by computer for all n < 103" (and indeed for all
n < 8.875-10%°) [HP].

We are able to set major arcs to be few and narrow because the minor-arc
estimates in [Hel|] are very strong; we are forced to take them to be few and
narrow because of the kind of L-function bounds we will rely upon.

At issue are

(1) a fuller use of the close relation between the circle method and the large
sieve;

(2) a combination of different smoothings for different tasks;

(3) the verification of GRH up to a bounded height for all conductors g <
150000 and all even conductors ¢ < 300000 (due to David Platt [Plabl);

(4) better bounds for exponential sums, as in [Hell.

All major computations — including D. Platt’s work in [Plab] — have been
conducted rigorously, using interval arithmetic.

1.2. History. The following brief remarks are here to provide some background;
no claim to completeness is made. Results on exponential sums over the primes
are discussed more specifically in [Hell, §1].
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1.2.1. Results towards the ternary Goldbach conjecture. Hardy and Littlewood
[HL23] proved that every odd number larger than a constant C'is the sum of three
primes, conditionally on the generalized Riemann Hypothesis. This showed, as
they said, that the problem was not unergreifbar (as it had been called by Landau
in [Lan12]).

Vinogradov [Vin37] made the result unconditional. An explicit value for C
(namely, C' = 3315) was first found by Borodzin in 1939. This value was improved
to C' = 3.33-10%30% by J-R. Chen and T. Z. Wang [CW89] and to C' = 2101346
by M.-Ch. Liu and T. Wang [LW02]. (J.-R. Chen had also proven that every
large enough even number is either the sum of two primes or the sum p; + pops
of a prime p; and the product paps of two primes.)

In [DEtRZ97], the ternary Goldbach conjecture was proven for all n condition-
ally on the generalized Riemann hypothesis.

1.2.2. Checking Goldbach for small n. Numerical verifications of the binary Gold-
bach conjecture for small n were published already in the late nineteenth cen-
tury; see [Dic66l, Ch. XVIII]. Richstein |[RicOl] showed that every even integer
4 < n <4-10" is the sum of two primes. Oliveira e Silva, Herzog and Pardi
[OeSHP13] have proven that every even integer 4 < n < 4-10'® is the sum of two
primes.

The question is then until what point one can establish the ternary Goldbach
conjecture using [OeSHP13|. Clearly, if one can show that every interval of length
> 4-10'8 within [1, N] contains a prime, then [OeSHP13|] implies that every odd
number between 7 and N can be written as the sum of three primes. This was
used in a first version of [Hel| to show that the best existing result on prime
gaps (JRS03], with [Plaa] as input) implies that every odd number between 7 and
1.23 - 10?7 is the sum of three primes. A more explicit approach to prime gaps
[FP] now shows that every odd integer 7 < n < 8.875694-10% is the sum of three
primes.

1.2.3. Work on Schnirelman’s constant. “Schnirelman’s constant” is a term for
the smallest k£ such that every integer n > 1 is the sum of at most k£ primes.
(Thus, Goldbach’s binary and ternary conjecture, taken together, are equivalent
to the statement that Schnirelman’s constant is 3.) In 1930, Schnirelman [Sch33]
showed that Schnirelman’s constant k is finite, developing in the process some of
the bases of what is now called additive or arithmetic combinatorics.

In 1969, Klimov proved that & < 6 - 10%; he later improved this result to
k < 115 [KPS72] (with G. Z. Piltay and T. A. Sheptiskaya) and k < 55. Results
by Vaughan [Vau77| (k = 27), Deshouillers [Des77] (k = 26) and Riesel-Vaughan
[RV83] (k = 19) then followed.

Ramaré showed in 1995 that every even n > 1 is the sum of at most 6 primes
[Ram95]. Recently, Tao [Tao| established that every odd number n > 1 is the
sum of at most 5 primes. These results imply that k < 6 and k& < 5, respectively.
The present paper implies that k < 4.

1.2.4. Other approaches. Since [HL23|] and [Vin37], the main line of attack on
the problem has gone through exponential sums. There are proofs based on
cancellation in other kinds of sums ([HB85], [IK04, §19]), but they have not
been made to yield practical estimates. The same goes for proofs based on other
principles, such as that of Schnirelman’s result or the recent work of X. Shao
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[Sha]. (It deserves to be underlined that [Sha|] establishes Vinogradov’s three-
prime result without using L-function estimates at all; the constant C'is, however,
extremely large.)

1.3. Main ideas. We will limit the discussion here to the general setup, the
estimates for major arcs and the efficient usage of exponential-sum estimates on
the minor arcs. The development of new exponential-sum estimates is the subject
of [Hel].

In the circle method, the number of representations of a number N as the
sum of three primes is represented as an integral over the “circle” R/Z, which is
partitioned into major arcs 9t and minor arcs m = (R/Z) \ M:

> AwAmACs) = [ (S(a ) e(-Naia

(1‘1) ni+nz2+n3=N

:/ (S(a,a:))?’e(—Na)da—i-/(S(a,x))3e(—Na)da,
m

m

where S(a,z) = >0 _; A(n)e(an). The aim is to show that the sum of the
integral over 9 and the integral over m is positive; this will prove the three-
primes theorem.

The major arcs MM = M, consist of intervals (a/q — cro/qx,a/q + crﬁéqx)
around the rationals a/q, ¢ < rg, where ¢ is a constant. In previous workd, rgy
grew with x; in our setup, rg is a constant. Smoothing changes the left side of
(L) into a weighted sum, but, since we aim at an existence result rather than
at an asymptotic for the number of representations p; 4+ ps + p3 of N, this is
obviously acceptable.

Typically, work on major arcs yields rather precise estimates on the integral
over fsm in (L.I]), whereas work on minor arcs gives upper bounds on the absolute
value of the integral over | w10 (LI). Exponential-sum estimates, such as those
in [Hel], provide upper bounds for maxaem |S(c, x)|.

1.3.1. Major arc bounds. We will be working with smoothed sums
(1.2) ZA Ye(On/z)n(n/z).

Our integral will actually be of the form

(1.3) /EmS,H(a,a;FSn* (o, z)e(—Na)da,

where 14 and 7, are two different smoothing functions to be discussed soon.
Estimating the sums (L.2)) on 9t reduces to estimating the sums

(1.4) Sy(6/x, ) ZA Je(on/x)n(n/x)

for x varying among all Dirichlet characters modulo ¢ < r¢ and for |§| < crg/q,

e., |0] small. Using estimates on (4] efficiently in the estimation of (3] is
a delicate task; this is the subject of §3l Let us now focus on how to obtain
estimates on ([L4)).

lRamaré’s work [Ram10] is in principle strong enough to allow 7o to be an unspecified large
constant. Tao’s work [Tao|] reaches this standard only for = of moderate size.
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Sums such as (LL4]) are estimated using Dirichlet L-functions L(s, x). An ex-
plicit formula gives an expression

(1.5) Sy (0/x, ) = Iy—1n(—6)x — Z Fs5(p)z” 4 small error,
p

where I,—; = 1if ¢ =1 and [,—; = 0 otherwise. Here p runs over the complex
numbers p with L(p, x) =0 and 0 < R(p) < 1 (“non-trivial zeros”). The function
Fj is the Mellin transform of e(dt)n(t) (see §2.4I).

The questions are then: where are the non-trivial zeros p of L(s,x)? How fast
does Fy(p) decay as (p) — +o0?

Write 0 = R(s), 7 = (s). The belief is, of course, that o = 1/2 for every
non-trivial zero (Generalized Riemann Hypothesis), but this is far from proven.
Most work to date has used zero-free regions of the form o < 1—1/C'logq|r|, C
a constant. This is a classical zero-free region, going back, qualitatively, to de la
Vallée-Poussin (1899). The best values of C' known are due to McCurley [McC84]
and Kadiri [Kad05].

These regions seem too narrow to yield a proof of the three-primes theorem.
What we will use instead is a finite verification of GRH “up to 7,”, i.e., a com-
putation showing that, for every Dirichlet character of conductor ¢ < r¢ (r¢ a
constant, as above), every non-trivial zero p = o + i with |7| < T, satisfies
R(o) = 1/2. Such verifications go back to Riemann; modern computer-based
methods are descended in part from a paper by Turing [Turb3]. (See the histori-
cal article [Boo0G].) In his thesis [Plall], D. Platt gave a rigorous verification for
ro = 10°, T, = 10%/q. In coordination with the present work, he has extended
this to

e all odd ¢ < 3-10°, with T, = 108/q,
e all even ¢ <4105, with T, = max(10%/¢,200 + 7.5 - 107 /q).

This was a major computational effort, involving, in particular, a fast implemen-
tation of interval arithmetic (used for the sake of rigor).

What remains to discuss, then, is how to choose 7 in such a way Fj(p) decreases
fast enough as |7| increases, so that (LE) gives a good estimate. We cannot hope
for F5(p) to start decreasing consistently before || is at least as large as a multiple
of 2m|d|. Since § varies within (—cro/q,cro/q), this explains why T is taken
inversely proportional to ¢ in the above. As we will work with rq > 150000, we
also see that we have little margin for maneuver: we want Fj5(p) to be extremely
small already for, say, || > 80|0]. We also have a Scylla-and-Charybdis situation,
courtesy of the uncertainty principle: roughly speaking, Fs(p) cannot decrease
faster than exponentially on |7|/|d| both for |§| < 1 and for § large.

The most delicate case is that of ¢ large, since then |7|/|d] is small. It turns
out we can manage to get decay that is much faster than exponential for § large,
while no slower than exponential for § small. This we will achieve by working
with smoothing functions based on the (one-sided) Gaussian no(t) = e t/2,

The Mellin transform of the twisted Gaussian e(ét)e_t2 /2 is a parabolic cylinder
function U (a, z) with z purely imaginary. Since fully explicit estimates for U(a, z),
z imaginary, have not been worked in the literature, we will have to derive them
ourselves. This is the subject of §5l
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We still have some freedom in choosing n4 and 7, though they will have to be
based on 7o (t) = e /2. The main term in our estimate for (I3) is of the form

wo o[ [Tamnn (5 - @) dnde,

where Cj is a constant. Our upper bound for the minor-arc integral, on the other
hand, will be proportional to |1 |3|7«|1. The question is then how to make (L6
divided by |n|3|n«]1 as large as possible. A little thought will show that it is
best for 14 to be symmetric, or nearly symmetric, around ¢ = 1 (say), and for 7,
be concentrated on a much shorter interval than 7, while = is set to be x/2 or
slightly less.

It is easy to construct a function of the form ¢ — h(t)no(t) symmetric around
t = 1, with support on [0,2]. We will define ny = hg(t)no(t), where hy is an
approximation to h that is band-limited in the Mellin sense. This will mean that
the decay properties of the Mellin transform of e(dt)ny(t) will be like those of
e(dt)no(t), i.e., very good.

How to choose 7,7 The bounds in [Hel] were derived for no = (21}12,1]) *m
(2111 /2,1)), which is nice to deal with in the context of combinatorially flavored
analytic number theory, but it has a Mellin transform that decays much too
slowlyE The solution is to use a smoothing that is, so to speak, Janus-faced, viz.,
e = (N2 *pr @)(5¢t), where ¢(t) = t2¢=1"/2 and s is a large constant. We estimate
sums of type Sy (o, x) by estimating S, (o, z) if S,, (e, z) if « lies on a minor arc,
or by estimating Sy (c, x) if a lies on a major arc. (The Mellin transform of ¢ is
just a shift of that of 7o.) This is possible because 7 has support bounded away
from zero, while ¢ is also concentrated away from 0.

1.3.2. Minor arc bounds: exponential sums and the large sieve. Let m, be the
complement of 9M,.. In particular, m = m,, is the complement of M = M,,,. Ex-
ponential sum-estimates, such as those in [Hel|, give bounds on maxem, |S(a, )|
that decrease with 7.

We need to do better than

[ 1(0e(-Ne| da < (mag|Stasluc) - [ I(a0)da

< (maxlS(a,0)) - (188~ [ [S(a.o)Pda).

as this inequality involves a loss of a factor of logz (because |S|3 ~ xlogz).
Fortunately, minor arc estimates are valid not just for a fixed g, but for the
complement of 9., where r can vary within a broad range. By partial summation,
these estimates can be combined with upper bounds for

/ 1S(a, z)[2da —/ 1S(a, 2)Pda.

93/I’I’ TO

Giving an estimate for the integral over 9, (1o a constant) will be part of our
task over the major arcs. The question is how to give an upper bound for the
integral over 91, that is valid and non-trivial over a broad range of r.

2This parallels the situation in the transition from Hardy and Littlewood [HL23] to Vino-
gradov [Vin37]. Hardy and Littlewood used the smoothing 7(t) = e~ ', whereas Vinogradov
used the brusque (non-)smoothing 7(t) = Ijg,1j. Arguably, this is not just a case of technological
decay; Ijo,1) has compact support and is otherwise easy to deal with in the minor-arc regime.
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The answer lies in the deep relation between the circle method and the large
sieve. (This was obviously not available to Vinogradov in 1937; the large sieve
is a slightly later development (Linnik [Lin41], 1941) that was optimized and
fully understood later still.) A large sieve is, in essence, an inequality giving a
discretized version of Plancherel’s identity. Large sieves for primes show that the
inequality can be sharpened for sequences of prime support, provided that, on
the Fourier side, the sum over frequencies is shortened. The idea here is that
this kind of improvement can be adapted back to the continuous context, so as
to give upper bounds on the Lo norms of exponential sums with prime support
when « is restricted to special subsets of the circle. Such an Ly norm is nothing
other than [y, |S(a,z)[*da.

The first version of [Hel] used an idea of Heath-Brown’d] that can indeed be
understood in this framework. In §7.1] we shall prove a better bound, based on a
large sieve for primes due to Ramaré [Ram09]. We will re-derive this sieve using
an idea of Selberg’s. We will then make it fully explicit in the crucial range (7.2]).
(This, incidentally, also gives fully explicit estimates for Ramaré’s large sieve in
its original discrete context, making it the best large sieve for primes in a wide
range.)

The outcome is that fmr |S(a, x)|*der is bounded roughly by 2xlogr, rather
than by xlogz (or by 2¢zlogr, as was the case when Heath-Brown’s idea was
used). The lack of a factor of logz makes it possible to work with ry equal to a
constant, as we have done; the factor of e” reduces the need for computations by
more than an order of magnitude.

1.4. Acknowledgments. The author is very thankful to D. Platt, who, work-
ing in close coordination with him, provided GRH verifications in the necessary
ranges, and also helped him with the usage of interval arithmetic. He is also
much indebted to O. Ramaré for his help and feedback, especially regarding 7l
and Appendix [Bl Special thanks are also due to A. Booker, B. Green, R. Heath-
Brown, H. Kadiri, T. Tao and M. Watkins for discussions on Goldbach’s problem
and related issues.

Warm thanks are also due to A. Cérdoba and J. Cilleruelo, for discussions on
the method of stationary phase, and to V. Blomer and N. Temme, for further help
with parabolic cylinder functions. Additional references were graciously provided
by R. Bryant, S. Huntsman and I. Rezvyakova.

Travel and other expenses were funded in part by the Adams Prize and the
Philip Leverhulme Prize. The author’s work on the problem started at the Univer-
sité de Montréal (CRM) in 2006; he is grateful to both the Université de Montréal
and the Ecole Normale Supérieure for providing pleasant working environments.

The present work would most likely not have been possible without free and
publicly available software: PARI, Maxima, Gnuplot, VNODE-LP, PROFIL /
BIAS, SAGE, and, of course, WTEX, Emacs, the gee compiler and GNU /Linux in
general. Some exploratory work was done in SAGE and Mathematica. Rigorous
calculations used either D. Platt’s interval-arithmetic package (based in part on
Crlibm) or the PROFIL/BIAS interval arithmetic package underlying VNODE-
LP.

The calculations contained in this paper used a nearly trivial amount of re-
sources; they were all carried out on the author’s desktop computers at home

3Communicated by Heath-Brown to the author, and by the author to Tao, as acknowledged
in [Tao]. The idea is based on a lemma by Montgomery (as in, e.g., [[K04] Lemma 7.15]).
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and work. However, D. Platt’s computations [Plab] used a significant amount
of resources, kindly donated to D. Platt and the author by several institutions.
This crucial help was provided by MesoPSL (affiliated with the Observatoire de
Paris and Paris Sciences et Lettres), Université de Paris VI/VII (UPMC - DSI -
Pole Calcul), University of Warwick (thanks to Bill Hart), University of Bristol,
France Grilles (French National Grid Infrastructure, DIRAC instance), Univer-
sité de Lyon 1 and Université de Bordeaux 1. Both D. Platt and the author would
like to thank the donating organizations, their technical staff, and all academics
who helped to make these resources available to us.

2. PRELIMINARIES

2.1. Notation. As is usual, we write u for the Moebius function, A for the von
Mangoldt function. We let 7(n) be the number of divisors of an integer n and
w(n) the number of prime divisors. For p prime, n a non-zero integer, we define
vp(n) to be the largest non-negative integer o such that p®|n.

We write (a, b) for the greatest common divisor of a and b. If there is any risk
of confusion with the pair (a,b), we write gcd(a,b). Denote by (a,b>) the divisor
[T p@ of a. (Thus, a/(a,b®) is coprime to b, and is in fact the maximal
divisor of @ with this property.)

As is customary, we write e(x) for e?™*. We write |f|, for the L, norm of a
function f. Given x € R, we let

1 if x>0,
sgn(z) =<0 ifx=0,
-1 ifz<0.

We write O*(R) to mean a quantity at most R in absolute value.

2.2. Dirichlet characters and L functions. A Dirichlet character x : Z — C
of modulus ¢ is a character x of (Z/qZ)* lifted to Z with the convention that
x(n) =0 when (n,q) # 1. Again by convention, there is a Dirichlet character of
modulus ¢ = 1, namely, the trivial character xp : Z — C defined by xr(n) =1
for every n € Z.

If x is a character modulo ¢ and x’ is a character modulo ¢'|q such that x(n) =
X'(n) for all n coprime to ¢, we say that x’ induces x. A character is primitive if
it is not induced by any character of smaller modulus. Given a character y, we
write x* for the (uniquely defined) primitive character inducing y. If a character
x mod ¢ is induced by the trivial character xp, we say that x is principal and
write xo for x (provided the modulus ¢ is clear from the context). In other words,
xo(n) =1 when (n,q) =1 and xo(n) = 0 when (n,q) = 0.

A Dirichlet L-function L(s,x) (x a Dirichlet character) is defined as the ana-
lytic continuation of )" x(n)n™*® to the entire complex plane; there is a pole at
s = 1if x is principal.

A non-trivial zero of L(s, x) is any s € C such that L(s, x) = 0 and 0 < R(s) <
1. (In particular, a zero at s = 0 is called “trivial”, even though its contribution
can be a little tricky to work out. The same would go for the other zeros with
R(s) = 0 occuring for x non-primitive, though we will avoid this issue by working
mainly with x primitive.) The zeros that occur at (some) negative integers are
called trivial zeros.

The critical line is the line R(s) = 1/2 in the complex plane. Thus, the gen-
eralized Riemann hypothesis for Dirichlet L-functions reads: for every Dirichlet
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character y, all non-trivial zeros of L(s, x) lie on the critical line. Verifiable finite
versions of the generalized Riemann hypothesis generally read: for every Dirichlet
character x of modulus ¢ < @, all non-trivial zeros of L(s, x) with [J(s)| < f(q)
lie on the critical line (where f : Z — RT is some given function).

2.3. Fourier transforms. The Fourier transform on R is normalized as follows:

fty = [~ et-anfayis

o0

for f: R — C.
The trivial bound is |f|oc < [f]1. Integration by parts gives that, if f is
differentiable k£ times outside finitely many points, then

o (HB1 _ o (140
2.1 t) = = .
1) fH =0 < 27t © (2mt)k
It could happen that [f*)|; = oo, in which case (ZI]) is trivial (but not false).
In practice, we require f(*) € L;. In a typical situation, f is differentiable k

times except at x1,z2,...,x, where it is differentiable only (k — 2) times; the
contribution of z; (say) to |f*)|; is then [lim __+ f* "V (z)~lim___- f*E=Y(x)|.

2.4. Mellin transforms. The Mellin transform of a function ¢ : (0,00) — C is

(2.2) Mo(s) := /OO o(z)z*Ldx.
0
In general, M(f *prg) = M f - Mg and
o+ioco
2.3)  M(f-g)(s) = 2% / | Mf()My(s - 2)d= [GROD, §17.32)

provided that z and s—z are within the strips on which M f and M g (respectively)
are well-defined.
The Mellin transform is an isometry, in the sense that

(2.4) /0 |f(t)|2t2"% = %/_ |M f(o +it)|*dt.

provided that ¢ 4 R is within the strip on which M f is defined. We also know
that, for general f sear

M(tf'(t))(s) = —s - Mf(s),
M((logt) f(t))(s) = (Mf)'(s)

(as in, e.g., [BBO10, Table 1.11}).
Since (see, e.g., [BBO10] Table 11.3] or [GRO0, §16.43])

b — a’
(MIjgp)(s) = P

(2.5)

we see that

1-27°

(2.) Min(s) = (£ f, MM$=<Lfﬂf.
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Let f, = e=*!, where R(z) > 0. Then

o 1 o0
(Mf)(s)= / e PsTdt = —/ e tdt
0 2% Jo
z00 [o.¢]
= 1 e " du = i/ e s ldt = —F(S),
25 Jo 25 Jo 25
where the next-to-last step holds by contour integration, and the last step holds
by the definition of the Gamma function I'(s).

3. PREPARATORY WORK ON MAJOR ARCS

Let

(3.1) ZA n(n/z),

where o« € R/Z, A is the von Mangoldt function and 7 : R — C is of fast enough
decay for the sum to converge.
Our ultimate goal is to bound from below

(3.2) > A(a)An2)A(ng)ni (n/x)ma(n/z)ns(n/x),
ni+nz2+n3=N

where 71,m2,m3 : R — C. As can be readily seen, ([8.2]) equals
(3.3) | S @Sy (@2, (@ a)e(~Nada.
R/Z

In the circle method, the set R/Z gets partitioned into the set of major arcs
I and the set of minor arcs m; the contribution of each of the two sets to the
integral (3.3]) is evaluated separately.

Our object here is to treat the major arcs: we wish to estimate

(3.4) / S (s 2) S (0, 2) S (0, 2)e(— Nav)dax
m

for Mt = M, , where

(3.5)

mo-U U (G U U (G- )
q<r a modgq q<2r a modq
q odd (a,q)=1 q even (q,q)=1
and dg > 0, r > 1 are given.

In other words, our major arcs will be few (that is, a constant number) and
narrow. While [LW02] used relatively narrow major arcs as well, their number,
as in all previous proofs of Vinogradov’s result, is not bounded by a constant.
(In his proof of the five-primes theorem, [Tao] is able to take a single major arc
around 0; this is not possible here.)

What we are about to see is the general framework of the major arcs. This is
naturally the place where the overlap with the existing literature is largest. Two
important differences can nevertheless be singled out.

e The most obvious one is the presence of smoothing. At this point, it im-
proves and simplifies error terms, but it also means that we will later need
estimates for exponential sums on major arcs, and not just at the middle
of each major arc. (If there is smoothing, we cannot use summation by
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parts to reduce the problem of estimating sums to a problem of counting
primes in arithmetic progressions, or weighted by characters.)

e Since our L-function estimates for exponential sums will give bounds that
are better than the trivial one by only a constant — even if it is a rather
large constant — we need to be especially careful when estimating error
terms, finding cancellation when possible.

3.1. Decomposition of S, («,x) by characters. What follows is largely clas-
sical; compare to [HL23|] or, say, [Dav67, §26]. The only difference from the
literature lies in the treatment of n non-coprime to gq.

Write 7(x, b) for the Gauss sum

(3.6) T(x,b) = Y x(a)e(ab/q)

a mod q

associated to a b € Z/qZ and a Dirichlet character y with modulus q. We let
T(x) = 7(x, 1)- If (b,q) = 1, then 7(x,b) = x(b~")7(x)-

Recall that x* denotes the primitive character inducing a given Dirichlet char-
acter x. Writing >_, .4, for a sum over all characters x of (Z/qZ)*), we see
that, for any ag € Z/qZ,

(3.7)
T X ) = s 33 Nelab/an (a)
¢( )Xmodq ¢ Xmodqa modq
(a,q)=
e(ab/q) o -1 e(ab/q) 1
= X" (a " ag) = x(a™ " ap),
a%q ¢(q) szodq aéq ¢(q) Xn%%q,
(a,q)=1 (a,q)=1

where ¢ = ¢/ ged(q,ay®). Now, Zx mod ¢/ x(a"tag) = 0 unless a = ag (in which

€ase D 1ody x(a"tag) = ¢(¢)). Thus, B1) equals

4(a) o) (oot keDD
w2 5, 2 ()
(a,9)=1 (ka/q)=1

), 5 ()3 )
(kya/da")=1

provided that (b,q) = 1. (We are evaluating a Ramanujan sum in the last step.)
Hence, for « = a/q+d/z, ¢ < z, (a,q) =1,

@Z %) o A )e(on/a (/)
equals

p((g,n>))
2 Silg ey Meleminn/o)
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Since (a,q) = 1, 7(X,a) = x(a)7(X). The factor u((g,n*))/¢((q,n>)) equals 1
when (n,q) = 1; the absolute value of the factor is at most 1 for every n. Clearly
n p*
> Al <5) => logpd 7 <;> -
n plg a>l
(n,9)#1

Recalling the definition B.1]) of S, («a, x), we conclude that

(3.8)
S a)T(X . ° x * o r
Syla, ) = #(q) XmOqu( )T(X)Sn.x <a:’ ) +0 2%(}:1 gp;n < m) )
where
(3.9) Sux(B,x) =D _ Am)x(n)e(Bn)n(n/).

Hence Sy, (o, ) Sy, (o, ) Sy, (o, x)e(—N ) equals

(3.10) @ %: %: %T(K)T(E)T(%)Xl(a)Xz(a)xg(a)e(—Na/q)

) S%X{(é/a;, a:)SW,X;(é/a:, 33)5173»@ (6/x,x)e(—6N/x)

plus an error term of absolute value at most

3 [
(3.11) 23" T I8 00 S oen S (2.

J=13'#35 plg a>1

We will later see that the integral of (B.11]) over S! is negligible — for our choices
of n;, it will, in fact, be of size O(x(logx)?), A a constant. (In (3.I0), we have
reduced our problems to estimating S, (0/x,x) for x primitive; a more obvious
way of reaching the same goal would have multiplied made (B.II) worse by a
factor of about \/g. The error term O(z(logz)”) should be compared to the
main term, which will be of size about a constant times z2.)

3.2. The integral over the major arcs. We are to estimate the integral (8.4]),
where the major arcs M, , are defined as in [B.5). We will use n1 = 72 = 14,
N3(t) = N« (3¢t), where n4 and 7, will be set later.

We can write

Sy (6/2,2) = Sy(8/a,2) = / n(t/2)e(St/)dt + O%(errn (6, 2)) -
0
=1n(—=0) -z + O*(erry\p(6,2)) - x
for x = xr the trivial character, and
(3.13) Snx(0/x) = O (erry\ (0,2)) - @

for x primitive and non-trivial. The estimation of the error terms err will come
later; let us focus on (a) obtaining the contribution of the main term, (b) using
estimates on the error terms efficiently.

The main term: three principal characters. The main contribution will be
given by the term in [BI0) with x1 = x2 = x3 = X0, where xq is the principal
character mod q.

(3.12)
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The sum 7(xo,n) is a Ramanujan sum; as is well-known (see, e.g., [[K04,

(3.2)]),
(3.14) T(xo,n) = Y p(q/d)d.

d|(g;n)

This simplifies to u(q/(g,n))o((g,n)) for g square-free. The special case n = 1
gives us that 7(xo) = u(q).
Thus, the term in BI0) with x1 = x2 = x3 = x0 equals

e(=Na/q)

(319) oa)?

M(Q)35n+,><8 (6/z, 33)2517*%6 (6/x,z)e(—0N/z),

where, of course, Sy y«(a, x) = Sy(a, x) (since xg is the trivial character). Sum-

ming (B.I0) for & = a/q + /x and a going over all residues mod ¢ coprime to ¢,
we obtain

u (k) (@ V)
¢(q)?

1(9)3Sy, s (0/2,2)2 S, i (6/7, x)e(—0N /).

The integral of (B.I5]) over all of M = M, (see (B1])) thus equals
(3.16)

2. %M(Q)Qu((q,f\ﬂ)/_z Sz, i (@, 2) Sy, o (a, z)e(—aN)da
qqogdrd 2ar
o((a.N) . .
+ ———5— (@) n((g, N)) S, +7X6(oz,:1:)5 *7Xa(a7gp)e(_a]\[)da_
2 “otgp MG /" ’
The main term in (B.16) is
(3.17) 5
2’ ; %M(Q)%((q, N))/_Zz(771(—0@))2@(—04@6(—041\7)(10&
g odd
. ¢<L,N)) 2 ?_; 07 (—ax)) iy (—az)e(—aN)da
w3 Sy M@ k@ ) / o ((-02) "R —az)e(~a)da

We would like to complete both the sum and the integral. Before, we should
say that we will want to be able to use smoothing functions 7 whose Fourier
transform are not easy to deal with directly. All we want to require is that there

be a smoothing function 7,, easier to deal with, such that 7, be close to ny in o
norm.

Assume, then, that

1+ — Mol2 < €olnol,
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where 1), is thrice differentiable outside finitely many points and satisfies 77(({9’) €
L;. Then (BI7) equals

(3.18) )
53 D @2uta. ) [ (-aa) P (-aie(~aN)da
qq:drd o
% A @ ulta V) [ ((-a)(-azle(-aN)da.
q<2r ry

plus

2 [e%)
(319) 0 (w ZEZ; / r<n:<—a>>2—<m<—a>>2m<—a>\da>.

Here ([3.19)) is bounded by 2.82643x2 (by (B.4) times
|

(=) oo \/ / 1T () — fo(—a)f2da - / T () + () da

—0o0

< et - 105 = Mol2|y + Mol2 = ||t - [0+ — Nol2|n4 + 10 l2

< nult - e = mol2(2Imol2 + 14 — Mol2) = nel1|mo]3 - (2 + €0)eo

Now, BI8) equals
(3.20)

# [ e ane-an) 3 Ay, m)a

_ o(q)?
o0 .
oty <min (587 7)

n(g)?=1
— ot [ ((-aw)?i (a)e(- <Z¢ i 2~<<Q7N>>)
oo >1

—a* [ canPiane-an) Y 8T N
dor ¢(q)
@ 2)>mm(2\2\x77’)
n(q)?=1
The last line in ([3.20) is bounded! by

00 2
(3.21) wzlmloo/ [ (—a)? ) D da.
—00 50r
@ 2>>mm(2\aw”)

By (ZI) (with k& = 3), (BII) and (B.I12)), this is at most

L 431004 O\ 862
$2|77*|1/ L2 31004 +2:v2ln*|1 P\ 8.6 008ja ,
—00/2 " 60/2 (2mar)3 dor

2
S ‘77*‘1 (4.3100450‘770‘% +0'00113‘n35’ ) 7
0

4This is obviously crude, in that we are bounding ¢((¢, N))/¢(q) by 1. We are doing so in
order to avoid a potentially harmful dependence on N.
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It is easy to see that

@) oy T — )T (10—
>ty 0. =TT (1= =) g(lﬂp—m)‘

q>1 p|N

Expanding the integral implicit in the definition of f,

| ()i (aye(-an)da =
(3.22) .
i/o /0 no(tl)no(m)n* <g — (tl + t2)> dt,dts.

(This is standard. One rigorous way to obtain (3.:22]) is to approximate the inte-
gral over o € (—00,00) by an integral with a smooth weight, at different scales;
as the scale becomes broader, the Fourier transform of the weight approximates
(as a distribution) the ¢ function. Apply Plancherel.)

Hence, BI7) equals

2. /0 h / ()t (% —(h +t2>> byt
1

T 5e) T 5om)

p|N ptN

(the main term) plus

(3)
4.3100480|7. |2 + 0.00113 121
0

(3.24) 2.82643|1,|3(2 + €0) - €0 + . 74122

Here ([B.23)) is just as in the classical case [IK04, (19.10)], except for the fact
that a factor of 1/2 has been replaced by a double integral. We will later see
how to choose our smoothing functions (and z, in terms of N) so as to make the
double integral as large as possible.

What remains to estimate is the contribution of all the terms of the form
erry (0, 2) in (B12]) and [BI3]). Let us first deal with another matter — bounding
the £ norm of |S,(a,z)|* over the major arcs.

The ly norm. We can always bound the integral of |S,(«,x)|* on the whole
circle by Plancherel. If we only want the integral on certain arcs, we use the
bound in Prop. (based on work by Ramaré). If these arcs are really the major
arcs — that is, the arcs on which we have useful analytic estimates — then we can
hope to get better bounds using L-functions. This will be useful both to estimate
the error terms in this section and to make the use of Ramaré’s bounds more
efficient later.

‘ 2
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a mod q

> x@)x(@) | - Sy (6/z,2) S0 (0], 2)

X X a mod q

+ 0 (2(1 + V) (10g )21 oc max |, (v, 2)] + (1 + v/a)(log 2)*nloc) )

ZIT )2 1S 8/, )2 + Kq1(2]8y (0, 2)] + Kq),

where

Ky1 = (14 /q)(log z)?|1]0o-

As is well-known (see, e.g., [IK04, Lem. 3.1])

T(X) =n <qi> X" <qi> T(x"),

where ¢* is the modulus of x* (i.e., the conductor of x), and

(O = Ve

Using the expressions (8.12)) and (313)), we obtain

a 5 N\~ ,
S. _+—,$> = _53:_1_0* err 5’$ x
ago:dq n<q x *(q) [71(=9) (erry y7 (6, 7) - )]
([l,q):l

1
"o ( 2.0 (q_q*> a0l err”’X(5’$)2x2)) + Kq1(2]5,(0,2)] + Kq1)
XFXT

GG

OR

+O* <q max | err, (0, z)22? + Kq,233> )
XFXT

(17(=0) + O (Jerryr (6, 2) (2nl1 + erry . (6,2))]))

where Ky 2 = Kq1(2[9(0,2)|/z + Kq1/7).
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Thus, the integral of |S (oz,:z:)|2 over M (see ([B.0) is

g (507‘
> % [ s entay z/h S, (0.)|"do
q<r amodq % 2qcc q<2r a modq Z 7
q odd (a,q)= q even (q,q)=1
60_'r
,u M ~ 2
Z /“\( aa:]da—i-z ¢() /(Sorln(—ax)\ fe!
q<r 2qx q<2r q gz
q odd q even
2 2
. p=(g)z*  ged(g,2)dor
0 - (ET L2nl1 + ET s )
* (Z o @ g Gl + BT, o)
(3.25)
507’:17 2 K 2
* « 5 q,
+ Z: g max - [erryy-(0,2)[" + =
o X#EXT
a0 16|<8or/2q
20, re K
+ Z 0 O* | ¢ max |err, (6, z)*+ Za2 |
X mod q x
g<2r XEXT
q even |6‘§607”/q
where

ET, s = max |erry .. (0, )|

6]<s

and yr is the trivial character. If all we want is an upper bound, we can simply
remark that

Sor Sor

2 50— 2 20"
p(g) [ . 2 p(g) [a 2
T Z —t n(—ax)|” da + x Z — [N(—azx)|” do
= ola) S . o) Jobor
q odd q even
1% ~ u
< ¢( 713 = 2Inl3 Z
q<r q q<2r q<r
q odd q even q odd

If we also need a lower bound, we proceed as follows.
Again, we will work with an approximation 7, such that (a) | — 7|2 is small,

(b) no is thrice differentiable outside finitely many points, (c) 77(({9’) € L;. By (B.6)),

Z“ / {fl—az)do
q<r o
q odd
1*(q) o 2 « (1 12 a2
= B [ P dat 0 (Glour+085) - (7 - D)
<r ~2q
qqodd ’
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Also,
1) [ > RON: >
2 S PP da = 2 —/ (=) dae.
q;r ?(q) /_5% q; ¢(q) J-for
q even q odd

By (21) and Plancherel,
I 2 RPN 2 x > Ine
o(— da = o(— da — 2 d
[t [ da O(/@r@m)a a)
2.5
1
))’

_ 2 * |770 |
= Inol2+ 0 (57?6(5

Hence

2 Sor
M(Q)/%‘A 2 9 149 | A 1) 118 13q
Mlo(—a)|" dav = [no]5 - +0
g ola) J-sor L <25() ; 57T6 507’)
q odd q odd q odd

Using (B.13]), we get that

3
12(a) Int”3q <EZ 2qq_m£’\%
= <z$( ) 56 (dpr)® ~ 1 = #(q)  5m08]
q odd q odd
\77(3)2 logr  0.425
< =1 (0.64787 + + — :
5m66) r

Going back to ([B3.25), we use (B.2)) to bound

d(q,2)8
Z“ q)z* ged(q, 2)dor < 2.59147 - dyraz.
qx

We also note that

1 2 1 1 1
> i > i Zg T2ty
q<r q<2r q<r <3 q<r
q odd q even

< 2loger —log g < log 2€2r-
We have proven the following result.

Lemma 3.1. Letn:[0,00) = R be in L1 N L. Let Sy(o,x) be as in (31) and
let M = My, » be as in (37). Let no : [0,00) — R be thrice differentiable outside

finitely many points. Assume 77<(,3) € L.
Assume r > 182. Then
(3.26)

ET, ;s .
/ S, (e, 2)[Pda = Ly 5oz + O (5.1950:1:7" <ET77 sor - <|77|1 + nTéo/2>>>
m T2

1
+ O* <(5oa;r <2 + 3 0g7‘> 'E72]7T750 + dor(log 2627‘)K7»,2> )
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where

(3.27)

Enrso = max Valerry (6, )], ET, s = max | erry .. (9, )|,
x mod g |6]<s

q<r-gcd(q,2)
|6|<ged(q,2)807/2q

Kz = (1+v2r)(log )10 (219, (0, 2)|/z + (1 + V2r) (log )] /7)
and L, s, satisfies both

2
©=(q)

(3.28) Lygy <23 >

R C)

q odd
and

2
12 (q . N A
Logy = 2lnol3 % 0% (logr + 17) - (173 — 7)
q<r q
(3.29) qo(c;c;
2| |2 logr  0.425
O~ - 0.64787 .
+ (57?65(5] + 4r * r

The error term xrET;, s, will be very small, since it will be estimated using
the Riemann zeta function; the error term involving K, will be completely
negligible. The term involving xr(r + 1)E1%m s, We see that it constrains us to
have |err, ,(z, N)| less than a constant times 1/r if we do not want the main

term in the bound ([B.26]) to be overwhelmed.

3.2.1. The triple product and its error terms. There are at least two ways we can
evaluate ([B4). One is to substitute (3I0) into ([B4)). The disadvantages here
are that (a) this can give rise to pages-long formulae, (b) this gives error terms
proportional to zr|err, (z, N)|, meaning that, to win, we would have to show
that |err, , (x, N)| is much smaller than 1/r. What we will do instead is to use
our /o estimate (3.26]) in order to bound the contribution of non-principal terms.
This will give us a gain of almost /r on the error terms; in other words, to win,
it will be enough to show later that |err, ,(z, N)| is much smaller than 1//7.
The contribution of the error terms in Sy, (o, ) (that is, all terms involving

the quantities err, , in expressions (3.12)) and [B.13) to [B.4) is

Yo X @ Y ale-Naj)

q<r x3 mod q a mod q
g odd (a,9)=1
ST
2qx
o Sy, (o +a/q,x)? erry, vi(ax, v)e(—Na)da
(3.30) . 2
+ Z Q) Z 7(X3) Z xs(a)e(—Na/q)
q<2r q x3 mod g a mod q
q even (a,q)=1
Sor

qz
o Sy, (a+a/q,x)? erry, yi(az, r)e(—Na)da.
qT
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We should also remember the terms in ([B.I1]); we can integrate them over all of
R/Z, and obtain that they contribute at most

/M2§: 1118, (@, 2)] maXZlongnj < >da

j=1j'¢j azl
p
< 22 L 1, (as )2 - max > logp ), (;)
j=1j'#j plg a>1

—2ZA2 % (n/x) -logr - mame <§>
+4\/;A2( 2 (n/a) - ZAz i (n/x) -logr - max D . <§>

- a>1

by Cauchy-Schwarz and Plancherel.
The absolute value of (.30 is at most

Sgr

2qx 2
> 2 \f/w Sy, (@ +a/q @) da - max [erry, (5, 2)|
q<r amodq 2qx X q

6| <dor/2
s 16]<3or/2q

Sor
2
(3.31) + Z Z \/_/w | Sy, (+a/q,2)|” da - xnnla%}d{q |erry, 1+ (0, )]
q<2r a modgq
6|<bor/q
q even (q,q)=1

S/sm |Sn+(a)|2da- max V| erry, y+(0,x)|.
80,7

x mod q
o q<r-gcd(q,2)
[6]<gcd(q,2)dor/q
We can bound the integral of |S,, (a)? by (B.26).
What about the contribution of the error part of S, (a, z)? We can obviously
proceed in the same way, except that, to avoid double-counting, S, (a, ) needs
to be replaced by

(3.32) @m)ﬁs(—a) o= M0y,

which is its main term (coming from (B.I2])). Instead of having an ¢ norm as

in (3:31]), we have the square-root of a product of two squares of ¢, norms (by
Cauchy-Schwarz), namely, [y, S, (a)]?do and

2 2 Sor
1=(q) / | 2 pia) [e . 2
My (—ax)z|” da + E |Nx(—ax)z|” da
= o(a)? 5. 0@)? Jdor

(333) q odd q even

2
.

By (B.4), the sum over ¢ is at most 2.82643.

As for the contribution of the error part of Sy, (o, ), we bound it in the same
way, using solely the ¢ norm in ([B.33)) (and replacing both S, («, ) and S, (o, x)
by expressions as in ([8.32])).
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The total of the error terms is thus

x - max Vaq - |erry, \+(0,2)] - A

x mod q
q<r-ged(q,2)
|6|<ged(¢,2)d07/q
+x- max V3 - lerry, - (8,2)|[(VA+ /Bi)V/Bs,
x mod g
q<r-ged(q,2)
[6|<ged(g,2)d07/q

(3.34)

where A = (1/z) [y, |5, (@, z)[2da (bounded as in (B26))) and
(3.35) B, =2.82643[n.[3, By = 2.82643|ny [3.

In conclusion, we have proven

Proposition 3.2. Letx > 1. Let ny,mn, : [0,00) = R. Assumeny € C%, n/l € Ly
and Ny, € L' N L2. Let n, : [0,00) — R be thrice differentiable outside finitely
many points. Assume 775,3) € Ly and |ny — nola < €o|nol2, where €9 > 0.

Let Sy(a,xz) = 3, A(n)e(an)n(n/x). Let erry,, x primitive, be given as in
(312) and (313). Let 69 > 0, r > 1. Let M = My, be as in (3.35).

Then, for any N >0,

/ Sy (@, )28y, (a, z)e(—Na)da
m

equals
(3.36)

(3)
4.3100480 |3 + 000121211
0

CoCpo .2 + | 2.82643[16[3(2 + €0) - €0 + 17,122

r

+ O*(Ey, r.6oAyy + By, rso - 1.6812(\/ A, + 1.6812[n4 |2)|n4]2) - 22

+ O* <227]2+72(x)LS,7* (x,7) o+ 4\/Zni72(x)an’2(x)LSn+ (z,7) - x) 7

where

ofﬁ(“ﬁ)'H(”(p—llﬁ)’

ptN

(3.37) v
o0 o0 N
Chome = / / Mo (t1)10 (t2) s <; —(t1 + t2)> dtydta,
0 0
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(3.38)
Eyrs, = max V- |erry (6, )], ET, s = max \erm7 vr (0, 2)],
x mod q ‘ |<s
q<gecd(q,2)-r
|6]<ged(q,2)d07/2q

ET 5 /9
Ay = Ly r5nl5 + 5.1950r <ET7]7(;%T. . (Iml + nTo/>>

2

u
Lrsy < 2[n |2 Z

q<r
q odd

Ko = (1 +V2r)(log )*[n]o0 (221 (z) /2 + (1 4+ V2r)(log 2)?[n] o /),

)

Zpk(x) = — ZAk n(n/x), LS,(x,r) =logr - m<axZ77 <p_> ,

and erry y is as in (312) and (3I3).

Here is how to read these expressions. The error term in the first line of (3.30))
will be small provided that €p is small and r is large. The third line of ([B.36]) will
be negligible, as will be the term 25yr(log er) K. 2 in the definition of A4,,. (Clearly,
Zp1(x) <y (log )k~ and LS, (x, q) <, 7(g) logz for any n of rapid decay.)

It remains to estimate the second line of ([B.36]), and this includes estimating
A;. We see that we will have to give very good bounds for E, , 5, when 1 = 7 or
1 = nx. (The same goes for ET, ,s,, for which the same method will work (and
give even better bounds).) We also see that we want to make CyC, +,,7*:172 as large
as possible; it will be competing not just with the error terms here, but, more
importantly, with the bounds from the minor arcs, which will be proportional to

[ [3 111

31
+ dor <2 + ogr) E,%M;O + 5ora:_1(log 2e2r)K,,,2

4. OPTIMIZING AND COORDINATING SMOOTHING FUNCTIONS

One of our goals is to maximize the quantity C,, ., in B.37) relative to
76|2]74|1. One way to do this is to ensure that (a) 7. is concentrated on a very
short] interval [0,€), (b) 7 is supported on the interval [0, 2], and is symmetric
around ¢ = 1, meaning that 7,(t) ~ 7,(2 —t). Then, for x ~ N/2, the integral

N
/ / Mo (t1)No (t2) N <— —(t1 +t2)> dtdty

in (B.37) should be approximately equal to

o N o0
an e [ wm ()@=t [ 2= bl b,

provided that ny(t) > 0 for all ¢. It is easy to check (using Cauchy-Schwarz in
the second step) that this is essentially optimal. (We will redo this rigorously in
a little while.)

At the same time, the fact is that major-arc estimates are best for smoothing
functions 7 of a particular form, and we have minor-arc estimates from [Hel] for

5This is an idea due to Bourgain in a related context [Bou99].
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a different specific smoothing 7s. The issue, then, is how do we choose 7, and 7,
as above so that we can

e 7). is concentrated on [0, €),

e 1), is supported on [0,2] and symmetric around t = 1,

e we can give minor-arc and major-arc estimates for 7,

e we can give major-arc estimates for a function 74 close to 7, in £ norm?

4.1. The symmetric smoothing function 7,. We will later work with a
smoothing function 7o whose Mellin transform decreases very rapidly. Because
of this rapid decay, we will be able to give strong results based on an explicit
formula for no. The issue is how to define 7., given no, so that 7, is symmetric
around t =1 (i.e., 75(2 — x) ~ no(x)) and is very small for x > 2.

We will later set no(t) = e /2. Let
t3(2 —t)3et/271/2 if t € [0,2],

(4.2) h:tw— {0

We define 7, : R — R by

(4.3) 10(t) = h(t)no(t) = {

otherwise

32— t)3e= D2 if ¢ e [0,2],
0 otherwise.

It is clear that 7, is symmetric around ¢ = 1 for ¢t € [0, 2].

4.1.1. The product no(t)n.(p — t). We now should go back and redo rigorously
what we discussed informally around (4.1]). More precisely, we wish to estimate

o o0
(4.4) no(p) = / No(t)no(p — t)dt = / No(t)no(2 — p + t)dt

—00 —0oQ
for p < 2 close to 2. In this, it will be useful that the Cauchy-Schwarz inequality
degrades slowly, in the following sense.
Lemma 4.1. Let V be a real vector space with an inner product {-,-). Then, for
any v,w € V with |w — vl2 < |v]2/2,

(v, w) = |v|o|wl|z + O*(2.71|v — w]3).
Proof. By a truncated Taylor expansion,
2

1

T x
Vitz=1+<++

2 " 2 0%ic1 A(1 — (ta)2)3/2

x " z?

for |x| < 1/2. Hence, for 6 = |w — v|a/|v]2,

@_ +2<w—v,v>—|—\w—fu]%_1+2<W|;|%,v>+52+0* (26 + 62)2
vl BE B 2 23/2
1 (5/2)%\ o (w—v,v) w —v[3
=14+5+0"( |35 ) =1+-—75—"++0" (271 ,
+54+0 <<2+ 5572 + o +0* (27 o

Multiplying by |v|3, we obtain that
[v|o|wl|e = |v]3 + (w — v,v) + O (2.71|w — v|§) = (v,w) + O* (2.71|w — v|§) .
U
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Applying Lemma [£T] to (4.4]), we obtain that

(0 % 10)(p) = / T (o2 — p) + t)dt

_ / h Ino(t)l2dt\/ / T (2 - p) + )t

. - B B 2
s e (2.71 [t -tz -+ dt)

= |no|3 + O (2.71 /_C: </02_p e (r +t)] dr>2dt)

2—p poo
= |no|3 + O <2.71(2 - p)/ / M)(r + t)‘2 dtdr)
0 —0o0

= |no|3 + O*(2.71(2 — p)*|nL|3).-

We will be working with 7, supported on the non-negative reals; we recall that
7o is supported on [0, 2]. Hence

N

(4.6)
/OOO /Ooo 1o (t1)770 (t2)1- <g — (i + t2)> dtydty = /0?(17o % 10) ()7 <ﬁ _ p> dp

xT

= [" o+ 0 @re = Pty n (5 0) do
0
= |nol3 / 1(p)dp + 2. 71|15 3 - O </z((2 — N/a)+ p)2n*(p)dp> ,
0 0

provided that N/z > 2. We see that it will be wise to set N/x very slightly larger
than 2. As we said before, 7, will be scaled so that it is concentrated on a small
interval [0, €).

4.2. The approximation 7, to 1,. We will define 7, : [0,00) — R by

(4.7) n4(t) = ha (t)no(t),

where hg(t) is an approximation to h(t) that is band-limited in the Mellin sense.
Band-limited here means that the restriction of the Mellin transform to the imag-
inary axis has compact support [—iH,iH]|, where H > 0 is a constant. Then,
since

(M1:)() = (M) () = gz [ Mhag(r) Mo (s — r)dr
(4.8) - e
=5 Mh(r)Mno(s — r)dr
™ J i

(see (2.3), the Mellin transform Mn, will have decay properties similar to those
of Mno as s — Fo0.
Let

0 otherwise.

IH(S):{l if |3(s)| < H,



MAJOR ARCS FOR GOLDBACH’S PROBLEM 25

The inverse Mellin transform of Iy is

1 [ 1 —y=* . 1 sin(H log y)
4.9 M~ ) (y) = — ~sds — i '
(4.9) ( )W) 271 /_Z-Hy * = omi logy ~ 7 7 logy

It is easy to check that the Mellin transform of this is indeed identical to X[_;p i
on the imaginary axis: (4.9) is the Dirichlet kernel under a change of variables.
Now, in general, the Mellin transform of f *; g is M f - Mg. We define

har(t) = (b (M) (1) = /;O h(t;ﬂ)%%
(4.10) :

/ ht s1n (H log y) dy
wlogy y

and obtain that the Mellin transform of hg(t), on the imaginary axis, equals the
restriction of Mh to the interval [—iH,iH|. We may adopt the convention that
hg(t) = h(t) =0 for t < 0.

4.2.1. The difference ny — 1o in €y norm. By (@3] and (4.7]),

Ins = mol% = /0 " Vs (o (8) — bty (1) Pdt

2t
4

(4.11) .
< maxlo ()Pt [ Ihi(t) = (o)

Since the Mellin transform is an isometry (i.e., (24) holds),

/ (1) — h(t) 29 = i/ (Mhy (it) — Mh(it) 2dt l/ MA(it) 2dt.
0 t 2 — 00 ™ JH
The maximum max;>q 7o (t)[*t is 1/v/2e.

Now, consider any ¢ : [0,00) — C that (a) has compact support (or fast decay),
(b) satisfies ¢(t) = O(t3) near the origin and (c) is quadruply differentiable
outside a ﬁnite set of points. We can show by integration by parts (cf. (2.1]))
that, for R(s) > —2,

/ o(z / ¢ (z daz—/ood’(a:)sétll)dx

00 s+3
- _ 3z x— im @ (z - z
= /0 ¢ (x) (3+1)(s+2)d t1_>0+ . a )s(s+1)(s+2)(s+3)d ’

where ¢*(z) is understood in the sense of distributions at the finitely many
places where it is not well-defined as a function.
Let s = it, ¢ = h. Let C), = [;° |h®)(z)|2*~tdx for 0 < k < 4. Then

. Cy
412 Mh(it) = O .
(4.12) (i) <|t||t—|—z'||t—|—2i||t+3z'|>
Hence
o0 dt 1 [ o2 o2
(4.13) /0 (1)~ b)Y = / MA(it) 2dt < /H S < i
and so

e — ol < oy (1YY 1
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By (C1), C; = 3920.8817036284 + O(10710). Thus

947.5562

(4.14) n4+ — Mol2 < THTE

It will also be useful to bound

/0 " (e 0) = mo(0) log dt‘ .

This is at most
o

/0 (1) — mo(8)2log )t < /0 ort (o (£) — (2o 2 og e

2 - 2 dt
< | max|no(t)]” - t|logt| | - \hu(t) — h(t)]"—.
t>0 0 t
Now
t)|?t|log t| = — min n3(t)tlogt < 0.3301223,
ngggln@()l |log t| tg[%r}]no() ogt <

)

where we find the minimum by the bisection method (carried out rigorously, as
in Appendix[C.2] with 30 iterations), Hence, by (£13),

o0 480.394
2
(4.15) | o0 = no)Poglar < T2

X ok X

As we said before, (M hgr)(it) is just the truncation of (Mh)(it) to the interval
[—H, H]. We can write down Mh explicitly:

Mh = e V2(=1)75(8y(s+3,—2) + 12y(s + 4, —=2) + 67(s + 5, —=2) + (s + 6, —2)),

where (s, x) is the (lower) incomplete Gamma function

x
’y(s,a:):/ e tt5 7Lt
0

However, it is easier to deal with Mh by means of bounds and approximations.
Besides ([£I2]), note we have also derived

(4.16) Mh(it) = O* <min <00,ﬁ, G , Cs >>
] 1ElE + | Jel|t + it + 24
By (C2), (C3), (C4), (CE) and (CT),
Co < 1.622284, (4 < 3.580004, C, < 15.27957,
Cs < 131.3399, (4 < 3920.882.

(We will compute rigorously far more precise bounds in Appendix[C.1l but these
bounds are all we could need.)

4.2.2. Norms involving 1. Let us now bound some norms involving 7. Rela-
tively crude bounds will suffice in most cases.

First, by (£14),

547.5562
(4.17) 1n412 < [Mol2 + [N+ — Mol2 < 0.80013 +

H7/2
where we obtain

(4.18) 6|2 = v/0.640205997 ... = 0.8001287 . ..
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by symbolic integration. We can use the same idea to bound |14 (¢)t" |2, r > —1/2:
e (Ot 2 < 0o ()t |2 + [(n4 = n0) ()" 2

o dt
< ()"l + \/maX|77©( eeeren | ) - nio R
0
. Cyn 1
< o0} !2+\/maX\77<9()\2t2 7t

For example,
10 (£)t*"]2 < 0.80691, max o (£) 2207+ < 0.37486,

70 (£)t3]5 < 0.66168, max e (824> (0341 < 0.5934.

Thus
511.92
[14-(£)t*7|2 < 0.80691 + HZ
(4.19) 644.08
03, <
[ (£)702 ]2 < 0.66168 + =~

The Mellin transform of 7/, equals —(s — 1)(Mn4)(s —1). Since the Mellin
transform is an isometry in the sense of (2:4]),

1 —l—l—ioo

/2 1 %HOO / 2 2
2= / M) (s)[2 ds = = s - Mgy (s)[2 ds.

27 1ico 27 —1ico

Recall that 04 (t) = hg(t)no(t). Thus, by 23], Mny(—1/2 + it) equals 1/2x
times the (additive) convolution of Mhy(it) and Mng(—1/2+it). Therefore, for
s=—1/2+it,

H
s . .
Is| [Mny(s)| = ‘2—‘/ Mh(ir)Mno(s — ir)dr
mTJ-Hg

H

3
(4.20) <2 lir — 1| Mh(ir)| - |s — ir|| Muo (s — ir)|dr
27T _-H

= 2 (Fo)),

where f(t) = |ir — 1||Mhg(it)| and g(t) = | — 1/2 +it||Mno(—1/2 4 it)|. (Since
(=1/24i(t—r))+(141ir) = 1/2+it = s, either either | —1/24i(t—7r)| > |s|/3 or
|14ir| > 2|s|/3; hence |s—ir||ir—1| = |—1/24i(t—r)||1+ir| > |s|/3.) By Young’s
inequality (in a special case that follows from Cauchy-Schwarz), |f*gls < |f]1]g]2-
Again by Cauchy-Schwarz and Plancherel (i.e., isometry),

2

00 2 H
yfy%:‘/ i — 1|[ Mg (i) |dr :‘/ (i — 1| MA(ir)|dr

< 2H/ lir — 112 MA(ir) 2dr = 2H/ (th)')(ir) 2dr

— 4Hn / \(th)’(t)P% < 4Hr - 3.79234.
0

Yet again by Plancherel,

1, 1, -
_§+zoo 5—1—200 T
o= [ Pl as = [ 20 (5) s = 3 = Y.
—5 100 5 100
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Hence

32
i le < —= \/— on 1 *9le < 5 55 VAl " 379231 < 087531V

We can bound |7/ t7]2, 0 > 0, in the same way. The only difference is that the
integral is now taken on (—1/2 4+ o —ico, —1/2 + o + ic0) rather than (—1/2 —
100, —1/2 + ic0). For example, if o = 0.7, then |s||Mn4(s)| = (6/27)(f * g)(t),
where f(t) = |ir — 1||Mhg(it)| and g(t) = |0.2 + it||Mno1(0.9 + it)|. Here

(4.21) S

1.2—i00
92 = / (M (o)) ()| 2ds = Iy - 273 < 0.55001

.2—100
and so
1 3
(4.22) |7 t%T]y < —= - = - VAHT - v/3.79234 - V0.55091 < 1.95201V H.
Vo2 T
By isometry and (2.5]),
| 1 %-Hoo o | J 1 l-H'oo v , 2d
n+ - Og|2_2—71'2 i | M (ny - log)(s)|? =95 | oo |(Mn4) (s)|"ds.

Now, (Mn4)'(1/2 4 it) equals 1/27 times the additive convolution of M hy (it)
and (Mno)' (1/2 + it). Hence, by Young’s inequality, |(Mn4) (1/2 4 it)|]a <
(1/2m)|Mhg (it)|1|(Mno)' (1/2 + it)|2. By the definition of hg, Cauchy-Schwarz
and isometry,

H H
| Mhy(it)]; = /H|Mh(i7‘)|dr < @\//_H|Mh(ir)|2dr

< \/ﬁ¢/w |Mh(ir)[2dr < V2HV2x|h(t)/Vs.

Again by isometry and (2.3]),

|(Mne)' (1/2 +it)|2 = V2 |ne - log 2.

Hence
0y -log |z < G )3/2\/—!h( t)/Vtl2lne - log |2 = %!h(t)/\/ﬂzl??@'logb-
Since
(4.23) |h(t)/V/t]2 < 1.40927, Ino - log |2 < 1.39554,
we get that
(4.24) |Mhyg (ir))y < 1.99301v27H
and

(4.25) N+ - log |2 < 1.10959V H.
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Let us bound |n4(¢)t7]1 for o € (—1,00). By Cauchy-Schwarz and Plancherel,

4 (D711 = o (Oha (71 < Ino(©)t7 2ol hu (1) /v

dt

= Imoe 2y | [ i

= |no( t"+1/2 \/ \MhH(ir)Pdr

< o (D72 - \/g/ | Mh(ir)2dr < |no(8)t7 2]z - |h(t)/ V2.

Since

1
|77Q7t0+1/2|2 \// e—t2420+1 g — (0'+ )

and |h(t)/v/t|2 is as in (@23), we conclude that

(4.26) 4 (7)1 < 0.99651 - /T(o + 1), m4]1 < 0.996505.
Let us now get a bound for |n4|s. Recall that n4(t) = hg(t)no(t). Clearly

M+ ]oo = [hE ()10 ()]oo < [Moloo + [(A(E) — R ()10 ()0
(4.27)

h(t) — hg(t
N Rt
Taking derivatives, we easily see that
Moloe = 10(1) =1, o (t)t|ee = e V/2.
It remains to bound |(h(t) — hu(t))/t|s. By (£I10),
(4.28) / Wt sm sin(H logy) dy /°° h( t >Sinwdw.
WIOgy Yy —Hlog% ew/H Tw
The sine integral
t
Si(z) = / st
o t

is defined for all z; it tends to 7/2 as x — +oo and to —7/2 as © — —oo. We
apply integration by parts to the second integral in (428]), and obtain

ha (1) — h(t) = —% /_O;Og2 <%h (ﬁ)) Si(w)dw — h(t)
e -
0
L G <eww>>< )do
)<

d,(_t B —w/H t|h | oo
@ ew/H ew/H ew/H

Now
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Integration by parts easily yields the bounds |Si(x) — 7/2| < 2/x for z > 0 and
|Si(x) + 7/2| < 2/|z| for x < 0; we also know that Si(z) > 0 for x > 0 and
Si(xz) < 0 for x < 0. Hence

2t | 0o L % 9e—w/H
t)—h(t) < _
|he(t) — h(t)] < - (/0 2dw+/1 ” dw

_ Moo

u (1 + %Eﬂl/H)) ,

where Ej is the exponential integral

0o e—t

By [AS64],
log(H + 1)
0<Ey(1/H) < T A/H <log H.
Hence
|hu (t) — h(t)] , 1+ 4logH
(4.29) < || -
and so
h(t) — hg(t 14+ 4100 H
’n+’oogl+€_1/2 ()fH()‘ <1+e—1/2’h/‘oo'+7rTOg'

The roots of h”(t) = 0 within (0,2) are t = v/3 — 1, t = /21 — 3. A quick check
gives that |h/(v/21 — 3)| > |W/(v/3 — 1)|. Hence

(4.30) W |oo = [P (V21 — 3)| < 3.65234.

We have proven

1—|—%10gH 1+ 24logH
— = < 14221526————.

H + H
We will need another bound of this kind, namely, for n; logt. We start as in

(4.31) N4 loo < 1+ e71/23.65234

N4 10g oo < |10 10g t]oo + |(A(t) — b ()10 (t) log oo
< |nolog tloe + [(h — hi (1)) /tloc N0 ()t log oo
By the bisection method with 30 iterations,

70 (t) log t|oe < 0.279491, o ()t log teo < 0.346491.
Hence, by ([4.29) and (430)),
1+ dlogH
(4.32) I+ log oo < 0.2795 + 1.26551 - WTOg.

4.3. The smoothing function 7,. Here the challenge is to define a smoothing
function 7, that is good both for minor-arc estimates and for major-arc estimates.
The two regimes tend to favor different kinds of smoothing function. For minor-
arc estimates, both [Tao| and [Hel| use

(4.33) n2(t) = 4max(log 2 — |log 2t|,0) = ((2I[1/2,1)) *m (21[1/2,11))(1),

where 1[5 1)(t) is 1 if ¢ € [1/2,1] and 0 otherwise. For major-arc estimates, we

will use a function based on ,
no=e /2



MAJOR ARCS FOR GOLDBACH’S PROBLEM 31

(For example, we can give major-arc estimates for 7, which is “based” on neo (by
([@7)). We will actually use here the function t2¢~**/2, whose Mellin transform is
Mno(s +2) (by, e.g., [BBO10, Table 11.1]).)

We will follow the simple expedient of convolving the two smoothing functions,
one good for minor arcs, the other one for major arcs. In general, let 1,9 :
[0,00) — C. It is easy to use bounds on sums of the form

(4.34) Ste(@) =) f()ei(n/z)
to bound sums of the form Sy, 4,,0.:

Storiaps = Zf(n)(gol M $2) (g)

= /Om;f(n)sm <%> wz(w)%w = /OOO vaw(wx)w(w)%”.

The same holds, of course, if 1 and o are switched, since 1 *pr 2 = @Yo *as Q1.
The only objection is that the bounds on (£34]) that we input might not be valid,
or non-trivial, when the argument wzx of Sy, (wz) is very small. Because of this,
it is important that the functions @1, @9 vanish at 0, and desirable that their first
and second derivatives do so as well.

Let us see how this works out in practice for ¢ = 1. Here 72 : [0,00) — R is
given by

(4.35)

(4.36) ne = m *xp m = 4max(log 2 — |log 2t|,0),

where 11 = 2 - Ij1/5,1). Bounding the sums S, (a,z) on the minor arcs was the
main subject of [Hell.

Before we use [Hel, Main Thm.], we need an easy lemma so as to simplify its
statement.

Lemma 4.2. For any q > 1 and any r > max(3,q),

q
— < F(r),
o(q) )
where
2.50637
) = e" logl )
(4.37) F(r)=¢€"loglogr + oz og 7

Proof. Since F (r) is increasing for r > 27, the statement follows immediately for
q > 27 by |[RS62, Thm. 15]:

q
—— <F(g) <F(r).
e (q) < F(r)
For r < 27, it is clear that ¢/¢(q) < 2-3/(1-2) = 3; it is also easy to see that
F(r) > e -2.50637 > 3 for all r > e. O

It is time to quote the main theorem in [Hel]. Let z > zg, zo = 2.16 - 10%°,
Let 2a = a/q+6/7, ¢ < Q, ged(a,q) = 1, |§/x] < 1/qQ, where Q = (3/4)z*/3.
Then, if 3 < ¢ < 2'/3/6, [Hel, Main Thm.] gives us that

(4:38) Snale2)| < g (m (1, %) - q) r,
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where

(Ryorlog2r +0.5)\/F (r) +2.5 L, 1/6
4.39 (1) = : + — 432z ,
(4.39) (1) NG .
with

log 4
Ry = 0.27125log (1 + %) +0.41415

(4.40) 210g 3 5oz

L= F(t) <log21t143 + %) +10g2%t% n %’

(We are using Lemma to bound all terms 1/¢(q) appearing in [Hel, Main
Thm.]; we are also using the obvious fact that, for dyq fixed and 0 < a < b, 58qb
is minimal when dy is minimal.) If ¢ > z'/3/6, then, again by [Hel, Main Thm.],

(4.41) |Sns (a0, )| < h(2)z,
where
(4.42) h(z) = 0.272727 /5 (log )3/% + 121827 /3 log .

We will work with z varying within a range, and so we must pay some attention
to the dependence of ([@38) and (€41 on =.

Lemma 4.3. Let g,(r) be as in ({.39) and h(z) as in (4.43). Then

h(z) if z < (6r)3
e {gx(r) if © > (6r)3

s a decreasing function of x for r > 3 fized and x > 21.

Proof. 1t is clear from the definitions that  — h(z) (for x > 21) and & — g,.0(7)
are both decreasing. Thus, we simply have to show that h(zi) > g4, o(r) for
x1 = (6r)3. Since z1 > (6-11)3 > 125,
Ry, 20 < 0.2712510g(0.065 log 21 + 1.056) + 0.41415
< 0.2712510g((0.065 + 0.0845) log 1) + 0.41415 < 0.27215log log 1.

Hence

Ry, 20 log 2r + 0.5 < 0.27215 log log 71 log z1/* — 0.27215log 12.51og 3 + 0.5
< 0.09072log log x1 log 1 — 0.255.

At the same time,

1/3
2.
7' 50637 < eVloglogz1 — €” log 3 + 1.9521

6 log log r
< e loglog x1

— e
(4.43) F(r) =¢€"loglog

for r > 37, and we also get f (r) < e¢”loglogxy for r € [11,37] by the bisection
method (carried out rigorously, as in Appendix [C.2] with 10 iterations). Hence

(Rz, 27 log 2r + 0.5)\/F (1) + 2.5
< (0.090721log log x1 log x1 — 0.255)/ € loglog x1 + 2.5
< 0.1211log 1 (loglog x1)3/2 +2,
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and so

(Ry, 20 log2r +0.5)\/F (r) + 2.5
V2r
Now, by ([4.43),

L, <eVloglog xy - <10g2471(x}/3/6)13/4 + %) —|—log2%(x}/3/6)% +

< (0.211og 71 (log log 21)3/2 + 3.47)z, /6.

1
)

13 80
< e"loglog x1 - <ﬁ log z1 + 4.28> + 77 log z + 7.51.

It is clear that
4.28¢7 loglog z1 + % log x1 + 7.51

:17}/3/6

< 121827/ log 1.

for 1 > e.
It remains to show that

13 . _
(4.44) 0.211log z1 (loglog 21)*/? + 3.47 + 3.2 + Ee”:nl Y6 10g 21 log log 1

is less than 0.2727(log x1)3/? for x; large enough. Since t — (logt)%/?/t'/? is
decreasing for ¢t > e3, we see that

0.21 log 1 (log log x1)%/? 4+ 6.67 + %67:171_1/6 log x1 log log x4 -
0.2727(log x1)3/2

for all 1 > €34, simply because it is true for z = e3* > e’
We conclude that h(x1) > ggz,0(r) = gml,o(x}/3/6) for 21 > e3*. We check
that h(zq) > gm’o(azi/g/ﬁ) for all 21 € [5832, 4] as well by the bisection method

(applied to [5832,583200] and to [583200, e3*] with 30 iterations — in the latter
interval, with 20 initial iterations). O

Lemma 4.4. Let R,, be as in ({.39). Then t — Rt ,(r) is conves-up for
t > 3log6r.

Proof. Since t — e t/6 and t — ¢ are clearly convex-up, all we have to do is to
show that ¢ — R, , is convex-up. In general, since

AN "e 2
weny = (£) L1202

a function of the form (log f) is convex-up exactly when f”f — (f)2 > 0. If
f(t)=1+a/(t—b), we have f”f — ()% > 0 whenever
(t+a—10b)-(2a) > a?

i.e., a® 4+ 2at > 2ab, and that certainly happens when ¢t > b. In our case, b =
310g(2.004r/9), and so t > 3log 6r implies ¢ > b. O
Proposition 4.5. Let © > Kxg, xo = 2.16 - 10, K > 1. Let Sy(a,z) be as
in (31)). Let n. = n2 *pr @, where na is as in [£.36) and ¢ : [0,00) — [0,00) is
continuous and in L.

Let 2a = a/q+6/z, ¢ < Q, ged(a, q) = 1, |0/ < 1/¢Q, where Q = (3/4)x%/3.
If ¢ < (¢/K)'3/6, then

)
(4.45) S (a,x) < ge <max <1, %) q) “lehiz,
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where
- rlog 2 . 2. L, _
Goo(r) = (Ra i p2rlog2r +0.5)\/F (r) + 2.5 VI gogi/e-1s
(4.46) vaor Co/lol "
= v,2/ P11
Rx,K,go,t = Rm,t =+ (Rm/K,t - Rx,t)w
with Ry + and L, are as in ({.40), and
1
(4.47) CooKk = —/ o(w)log w dw.
1/K

If ¢ > (x/K)'3/6, then
S, (o, @)| < he(x/K) - [z,
where

he(x) = h(z) + Cpo.x/l¢l1,

(4.48) 1/K
Coo0.K = 1.04488/ lo(w)|dw
0

and h(zx) is as in [{-43).
Proof. By [@3),

1/K dw
Spulana) = [ Splaundpelw) T+ [ Sy (o uwa)otw)
0 1/K w

dw

We bound the first integral by the trivial estimate |S,,(a, wz)| < |Sy, (0, wz)|
and Cor. [A3

1/K 1/K
/ |S,72(0,w:17)|<,0(:17)d—w < 1.04488/ w:ngo(w)d—w
0 w 0 w

1/K
= 1.04488x - / o(w)dw.
0

If w > 1/K, then wz > x¢, and we can use [@38)) or @ZI). If ¢ > (z/K)'/3/6,
then |S,, (o, wz)| < h(z/K)wz by @4I); moreover, |Sp,(o,y)| < h(y)y for

x/K <y < (6g)° (by @AI)) and [Sy, (e, y)| < gya(r) for y > (6g)* (by (E38)).
Thus, Lemma [4.3] gives us that

o0 dw o0 dw
/ Sy (s wr) o) 2 < [ hia/Kwe - p(uw) ™
1/K w 1/K w

—h(e/K)s [ plw)dw < ha/K)leh -
1/K
If ¢ < (2/K)'Y3/6, we always use ([38). We can use the coarse bound

/ 3.207 16w - gp(w)d—w < 3.2K1/5|p|y25/0
1/K w
Since L, does not depend on z,

>~ L, dw L,
— wz - p(w)— < — |1z
1/K r w r
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By Lemma @4 and ¢ < (z/K)'/3/6, y — Ry 1 is convex-up and decreasing for
y € [log(x/K),0). Hence

_lww)p,,
Ry < { Hojre t <1 log 7 Ry: ifw<1,

log%
Rzp,t if w 2 1.

Therefore

> d
/ Rygt - wx - go(w)—w
1/K w

1 1 1 >
< / <1Oglf Rojic+ (1= por | Rua | wp(w)dw + / Fesiolr) s
a log 1

o) T 1
SRxa:-/ w)dw + (R, — R, —/ w) log wdw
i 1/K<p( ) (Re/kt ,t)logK Ws@( ) log

C
< <Rx7t’90’1 + (Rx/K,t — Rx,t)log}i,) - T,

where .
Coo,x = —/ o(w)log w dw.
1/K
O

Lemma 4.6. Let x > K - (6e)3, K > 1. Let 0, = 12 %1 , where 1y is as in
#-36) and ¢ : [0,00) — [0,00) is continuous and in L'. Let g, , be as in ([{-40).
Then g.,(r) is a decreasing function of r for r > 175.

Proof. Taking derivatives, we can easily see that

2
- (log r)*loglog r
r

(4.49) r— loglogr logr, T bﬁ,
r r
are decreasing for r > 20. The same is true if loglog r is replaced by f (r), since
F (r)/loglogr is a decreasing function for » > e. Since (Cy2/|¢|1)/log K < 1,
we see that it is enough to prove that r — R, ;log 2r+/loglog r/ V/2r is decreasing
on r for y =z and y = 2/K (under the assumption that r > 175).
Looking at (£40) and at (£.49), it remains only to check that

log 8r loglogr
(4.50) r — log <1 + Dlog Z7 > \/ "

4.008r
is decreasing on r for » > 175. Taking logarithms, and then derivatives, we see
that we have to show that

Ly, log8r
" 1 1
+ < a9
<1 + logéSr) log (1 + 105(87’) 2rlog rloglogr 2r

where ¢ = log %. Since r < /3 /6, £ > log 54/4.008 > 2.6. Thus, it is enough
to ensure that
2/2.6 1

log 8 log 8 +1 log1 .
(1 + —05/) log <1+ —05/) ogrioglog”

Since this is true for » = 175 and the left side is decreasing on r, the inequality
is true for all » > 175.

(4.51)
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U
Lemma 4.7. Let x > 10%*. Let ¢ : [0,00) — [0,00) be continuous and in L'.
Let gz () and h(x) be as in ([{.46) and (4.43), respectively. Then
2
92,0 <§x0'275> > h(z/logx).
Proof. We can bound g, 4(r) from below by

(r) = (Ryrlog2r 4+ 0.5)\/F (r) +2.5
gmy(r) = N

Let r = (2/3)2%%™. Using the assumption that > 10?4, we see that

lOg (8 0. 275)

21og (33 1077

Using = > 10%* again, we get that

R, ,=0.27125log | 1+ +0.41415 > 0.67086.

2.50637
loglogr
Since log 2r = 0.275log x + log 4/3, we conclude that
0.44156 log = + 4.1486

gma(r) 2 [4]3 - 201375

hx) = 0.2727(log )2 1218log =
21/6 21/3
It is easy to check that (1/z%137)/((log z)%/?/x'/%) is increasing for z > 143
(and hence for 2 > 10?*) and that (1/z°137)/((logx)/x'/3) is increasing for
x > e>? (and hence, again, for z > 10%). Since

0.44156log z 4+ 2  0.2727(log x)3/? 2.1486  1218logx
0.1375 > 21/6 ) 20.1375 > 21/3

F(r)=¢"loglogr + > 5.72864.

Recall that

for x > 10%*, we are done. O

5. MELLIN TRANSFORMS AND SMOOTHING FUNCTIONS

5.1. Exponential sums and L functions. We must show how to estimate
expressions of the form

Syx(0/x, ) ZA Je(n/z)n(n/x),

where ) : Ra' — Ro is a smoothing function and ¢ is bounded by a large constant.
We must also choose 1. Let f5(t) = e(dt)n(t). By Mellin inversion,

2-+100 L/(

1 $:X)
1 E A(n — F, s
(5 ) f6 n/:E) 27” /2—2'00 L(87X) 6(8)33 ds’
where Fj is the Mellin transform of fj:

(5.2) Fs = /OOO fa(t)ts%-

The standard procedure here (already used in [HL23]) is to shift the line of
integration in (B.I]) to the left, picking up the contributions of the zeros of L(s, x)
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along the way. (Once the line of integration is far enough to the left, the terms ¢*
within (5.I]) become very small, and so the value of the integral ought to become
very small, too.)

We will assume we know the zeros of L(s,x) up to a certain height Hy —
meaning, in particular, that we know that non-trivial zeros with J(s) < Hy lie
on the critical line R(s) = 1/2 — but we have little control over the zeros above
Hp. (The best zero-free regions available are not by themselves strong enough
for our purposes.) Thus, we want to choose 7 so that the Mellin transform Fj
decays very rapidly — both for § = 0 and for § non-zero and bounded.

5.2. How to choose a smoothing function? The method of stationary phase
([Olv74l, §4.11], [WonO1), §IL.3])) suggests that the main contribution to (5.2)
should come when the phase has derivative 0. The phase part of (5.2]) is

6(5t) = tg(s) — e27ri5t+7—10gt
(where we write s = o + i7); clearly,
(276t + Tlogt) = 2md + % —0

when t = —7/274. This is meaningful when ¢ > 0, i.e., sgn(r) # sgn(d). The
contribution of t = —7 /274 to (5.2)) is then

(5:3) n(t)e(5t)t* "t =n (%) i <%>"+i7—1

3

multiplied by a “width” approximately equal to a constant divided by

V] (@27idt + 7logt)"| = /| — 7/82| = _27T|5|_

The absolute value of (B.3)) is

oo (o)

In other words, if sgn(7) # sgn(d) and 4 is not too small, asking that Fs(o+i7)
decay rapidly as |T| — oo amounts to asking that n(t) decay rapidly as ¢t — 0.
Thus, if we ask for Fs(o +i7) to decay rapidly as |7| — oo for all moderate J, we
are requesting that

-7
210

(1) n(t) decay rapidly as t — oo,
(2) the Mellin transform Fy(o + i7) decay rapidly as 7 — +oo.

Requirement (2]) is there because we also need to consider Fs(o + it) for § very
small, and, in particular, for 6 = 0.

There is clearly an uncertainty-principle issue here; one cannot do arbitrarily
well in both aspects at the same time. Once we are conscious of this, the choice
n(t) = e~! in Hardy-Littlewood actually looks fairly good: obviously, n(t) = e~
decays exponentially, and its Mellin transform I'(s+47) also decays exponentially
as T — +oo. Moreover, for this choice of 7, the Mellin transform Fj(s) can be
written explicitly: Fy(s) =T'(s)/(1 — 2mid)®.
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It is not hard to work out an explicit formuld] for n(t) = e~*. However, it is
not hard to see that, for Fs(s) as above, F5(1/2 4+ it) decays like e #2711 just as
we expected from (54]). This is a little too slow for our purposes: we will often
have to work with relatively large ¢, and we would like to have to check the zeroes
of L functions only up to relatively low heights t. We will settle for a different
choice of n: the Gaussian.

The decay of the Gaussian smoothing function 7(t) is much faster than
exponential. Its Mellin transform is I'(s/2), which decays exponentially as S(s) —
+o00. Moreover, the Mellin transform Fjs(s) (6 # 0), while not an elementary or
very commonly occurring function, equals (after a change of variables) a relatively
well-studied special function, namely, a parabolic cylinder function U(a, z) (or,
in Whittaker’s [Whi03] notation, D_,_/2(2)).

For 6 not too small, the main term will indeed work out to be proportional to
e=(7/2m0)?/ 2 as the method of stationary phase indicated. This is, of course, much
better than e~7/27%l, The “cost” is that the Mellin transform T'(s/2) for § = 0
now decays like e~ ("/DI7| rather than e~("/2)I7l. This we can certainly afford —
the main concern was e~|7l/% for § ~ 10°, say.

)
— o—t?/2

5.3. The Mellin transform of the twisted Gaussian. We wish to approxi-
mate the Mellin transform

Fy(s) = / e_t2/2e(5t)t5%,
0

where § € R. The parabolic cylinder function U : C? — C is given by

—22/4 0o

Ula,z) = 617/ T L
r (5 + CL) 0

for R(a) > —1/2; this can be extended to all a,z € C either by analytic con-

tinuation or by other integral representations ([AS64, §19.5], [Tem10, §12.5(i)]).

Hence

(5.5) Fy(s) = ™’ (5)U <s - % —2m'5> .

The second argument of U is purely imaginary; it would be otherwise if a Gaussian
of non-zero mean were chosen.

Let us briefly discuss the state of knowledge up to date on Mellin transforms of
“twisted” Gaussian smoothings, that is, e~ t*/2 multiplied by an additive character
e(dt). As we have just seen, these Mellin transforms are precisely the parabolic
cylinder functions U(a, z).

The function U(a, z) has been well-studied for a and z real; see, e.g., [Tem10].
Less attention has been paid to the more general case of ¢ and z complex. The
most notable exception is by far the work of Olver [Olv5g], [Olv59], [Olv61],
[O1v65]; he gave asymptotic series for Ul(a, z), a,z € C. These were asymptotic
series in the sense of Poincaré, and thus not in general convergent; they would
solve our problem if and only if they came with error term bounds. Unfortunately,

6There may be a minor gap in the literature in this respect. The explicit formula given in
[HL23, Lemma 4] does not make all constants explicit. The constants and trivial-zero terms
were fully worked out for ¢ = 1 by [Wig20] (cited in [MVO07, Exercise 12.1.1.8(c)]; the sign of
hyp,. ,(z) there seems to be off). As was pointed out by Landau (see [Har66l p. 628]), [HL23]
Lemma 4] actually has mistaken terms for x non-primitive. (The author thanks R. C. Vaughan
for this information and the references.)
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it would seem that all fully explicit error terms in the literature are either for a
and z real, or for a and z outside our range of interest (see both Olver’s work and
[TV03].) The bounds in [Olv61] involve non-explicit constants. Thus, we will
have to find expressions with explicit error bounds ourselves. Our case is that of
a in the critical strip, z purely imaginary.

Gaussian smoothing has been used before in number theory; see, notably,
[HB79]. What is new here is that we will derive fully explicit bounds on the Mellin
transform of the twisted Gaussian. This means that the Gaussian smoothing will
be a real option in explicit work on exponential sums in number theory from now
on.

5.3.1. General approach and situation. We will use the saddle-point method (see,
e.g., [dB8Il §5], [Olv74] §4.7], [Won01, §II.4]) to obtain bounds with an optimal
leading-order term and small error terms. (We used the stationary-phase method
solely as an exploratory tool.)

What do we expect to obtain? Both the asymptotic expressions in [Olv59] and
the bounds in |Olv61] make clear that, if the sign of 7 = J(s) is different from that
of §, there will a change in behavior when 7 gets to be of size about (27§)2. This is
unsurprising, given our discussion using stationary phase: for |3(a)| smaller than
a constant times |3(z)|?, the term proportional to e~ ("Il = ¢=IS(@)I/2 ghould
be dominant, whereas for |3(a)| much larger than a constant times |3(z)|2, the

1 T 2
term proportional to ¢=2(5%5)" should be dominant.

5.3.2. Setup. We write

(5.6) o(u) = u; — (2mid)u — it logu

for u real or complex, so that

Fg(s):/ e_‘f’(“)u"d;u.
0

We will be able to shift the contour of integration as we wish, provided that
it starts at 0 and ends at a point at infinity while keeping within the sector
arg(u) € (—m/4,7/4).
We wish to find a saddle point. At a saddle point, ¢'(u) = 0. This means that
(5.7) w—2mis— L =0, ie, ud+ilu—ir=0,
u

where ¢ = —276. The solutions to ¢'(u) = 0 are thus

—il £ =02+ diT

(58) ug = 9
The second derivative at ug is
1 . 1 . .
(5.9) 9" (uo) = — (ug +i1) = — (—ilug + 2i7).
U Up

Assign the names ug 4, ug,— to the roots in (5.8]) according to the sign in front
of the square-root (where the square-root is defined so as to have argument in
(=m/2,7/2]).

We assume without loss of generality that 7 > 0. We shall also assume at first
that £ > 0 (i.e., 0 <0), as the case ¢ < 0 is much easier.
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5.3.3. The saddle point. Let us start by estimating
(5.10)

s y/2| _ o —arg(uo,+ )7 ,Y/2
U0,+€/ ‘—‘UO,Jr’ e (uo+) 6/7

where y = R(—Liug). (This is the main part of the contribution of the saddle
point, without the factor that depends on the contour.) We have

y 2 - 92 -
(5.11) y:%<—§(—i€+\/—€2+4ir)>:§R<_£__£ _1+4ﬁ>,

Solving a quadratic equation, we get that

(5.12) \/_1+4€g:\/j(p)2—1 H.\/j(p); L

where j(p) = (1+ p?)'/? and p = 47/¢%. Thus

o
-5(7)

Let us now compute the argument of ug 4:

arg(ug +) = arg (—M +V -0+ 41'7') = arg (—i +/-1+ z'p)
are (‘”\/_12](/}) +Z.\/1+2J(p))

1+j(p)
#_1

\/2\/ L) <\/1+g(p> _ 1)

2 1 2
= arcsin 1—/— = — arccos -
\l ( 1+J(P)> 2 \/ 1+3(p)

(by cos20 = 1 — 2sin? ). Thus

—arg(up +) 7‘+—= <arccos ( +1 _1>> %
(5.14) V

(5.13)

= arcsin

N —

) T
= arccos — =,
v p) p 2
where v(p) = /(T ¥ (D)2
It is clear that

| 1 2((p) - 1>> "
5.15 | — ==
(5.15) Jim <arccos o) P 5
whereas

1L 2w(p)=1) p p_p

(5.16) arccos o) p 5 4= 4

as p— 0t.
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We are still missing a factor of |ug 4|7 (from (5I0)), a factor of |ug 4|~ (from
the invariant differential du/u) and a factor of 1/1/|¢"(uo 4 )| (from the passage
by the saddle-point along a path of steepest descent). By (5.9)), this is

‘0—1 ’0'—1

o, + o + |uo,+|°

|¢”(u0,+)| B m\/ |—i€u0,+ + 2ZT| B \/ |—Z'€7,L0’+ + 2ZT| .

By (E.8) and (512,
—il V= dir| 0| [-1+5(p) 1+5(p) .
|u0,+|:‘ B 25"\/#—%(\/7_1)4
(5.17) :g\/—lzj<p>+1+2j<p>+1_2 L0

- g\/ L)~ 2 0 - LG

V2
Proceeding as in (5.I1]), we obtain that

|—ilug 4 + 2iT| = i —il+ 0/ -1+ T + 2it
’ 2 02
e 2 ip)+1 il [h(p) 1
= "5*”*5 > 2V 3
(5.18) , - 5 5 5
¢ Jjp) +1 Jjp) =1
— == _
2J< * 2 ) 1P 2
2 +1 -1
—5\/J(p)+p2+1—2 j(p)2 —2p ](p)z
Since \/j(p) —1 = p/+/j(p) + 1, this means that
(5.19)

2

. . A .
|—ilug4 + 27| 2J](ﬂ)+p2+1 (J(p) +1+p?)

ilp) +1

2
= SV IR W) TG 3P
2 2 -
— VRGO @) 0 = G,
Hence
N €A O ) N (w(p)? = v(p)) 3
V| —ilug 4 + 2iT| B Z(Jg’#(u(mz — u(p))1/4 B 2%—ij(p)i P P
= 2%_% v 2—1) %_% TUT?l
(v )

It remains to determine the direction of steepest descent at the saddle-point
up+. Let v € C point in that direction. Then, by definition, v2¢" (ug ) is real
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and positive, where ¢ is as in[5.6l Thus arg(v) = — arg(¢” (up+))/2. By (9],

arg(¢” (uo+)) = arg(—ilug + + 2iT) — 2 arg(uo + ).
Starting as in (5.I8]), we obtain that

r=yT
arg(—ilug 4 + 2i7) = arctan | ——— | ,
j+1
/5
and
(5.20)
_ it —\/ﬂ> <1+\/m> . :
P 2 :<p 2 2) _ =20 -D+pV2(+1)
j+1 141t i1
2 (/P 14p-( 1) 1 .
_p—I— g+1< J +p-(G+1) :p+5(—p+P'(j+1))
J—1 J—1
_p+ifv) _ GHDA+5/) 20w +))
J—1 p p
Hence, by (5.13),
9 .
arg(¢” (up+)) = arctan lotj) arccos v(p) 1.
p
Therefore, the direction of steepest descent is
/! 1 2 -
= arg(ugp,+) — arctan Y,
where
1 2 ]
(5.22) T = tan — arctan M
2 p
Since
¢ @ 1 . 1 1
an — = — = -
2  sina  tana tan?a  tana’

we see that

_ p? p
(5:23) T= <\/1 + 40(v+4)2 20w —I—j)> '

Recall as well that
o 1+ cosa L 1 —cosa
— = _ mn —- = .
oV T e T T

1 1
(5.24) 0o = arg(up,+) = - arccos —

2 v(p)’

Hence, if we let
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we get that
0 (1 1 ) 1 N 1
cos g = cos arccos — | = 4 /= 7
o) V2T 20
(5.25)
00 . (1 1 > 1 1
sinfy = sin | = arccos — | = 4/ = —
o) "2 200

We will prove now the useful inequality

(5.26) arctan T > 6y,

ie., arg(v) < 0. By (5:21), (522) and (5.24]), this is equivalent to arccos(1/v)
arctan 2v(v + j)/p. Since tana = /1/cos? a — 1, we know that arccos(1/v)
arctan vv? — 1; thus, in order to prove (5.26]), it is enough to check that

1/U2_1SM_

P
This is easy, since 7 > p and Vv? — 1 < v < 2v.

I IA

5.3.4. The contour. We must now choose the contour of integration. First, let
us discuss our options. By (C9), T > 0.79837; moreover, it is easy to show
that T tends to 1 when either p — 07 or p — oco. This means that neither the
simplest contour (a straight ray from the origin within the first quadrant) nor
what is arguably the second simplest contour (leaving the origin on a ray within
the first quadrant, then sliding down a circle centered at the origin, passing past
the saddle point until you reach the z-axis, which you then follow to infinity)
are acceptable: either contour passes through the saddle point on a direction
close to 45 degrees (= arctan(1)) off from the direction of steepest descent. (The
saddle-point method allows in principle for any direction less than 45 degrees off
from the direction of steepest descent, but the bounds can degrade rapidly — by
more than a constant factor — when 45 degrees are approached.)

It is thus best to use a curve that goes through the saddle point u4 ¢ in the
direction of steepest descent. We thus should use an element of a two-parameter
family of curves. The curve should also have a simple description in terms of
polar coordinates.

We decide that our contour C' will be a limagon of Pascal. (Excentric circles
would have been another reasonable choice.) Let C be parameterized by

(5.27) y= <—%7’ + Co) r, x=+r?—y?

for r € [(co — 1)l/c1,col/c1], where ¢y and ¢; are parameters to be set later.
The curve goes from (0, (co — 1)¢/c1) to (col/c1,0), and stays within the first
quadrantEI In order for the curve to go through the point ug 4, we must have

(5.28) - Cl—go + ¢p = sin by,
where

/
(5.29) o = |uo+| = —=v/v(p)? —v(p),

"Because c¢o > 1, by (C21).
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and 6y and sin 6y are as in (5.24) and (5.25]). We must also check that the curve
C goes through ug 4 in the direction of steepest descent. The argument of the
point (x,y) is
cr
6 = arcsin vy_ arcsin <—L + co) .
r l
Hence
df  darcsin (—% + co) ' —c1 /¢ —cr

r—=7rT =T - et .
dr dr cosarcsin (—4L +¢p)  Lcosf

This means that, if v is tangent to C' at the point ug 4,

do —

tan(arg(v) — arg(ug 4 )) = 7‘% = KC(C:STH()O,

and so, by (5.21)),
£ cos 6
(5.30) o — cos OT,
ro

where T is as in (5.22]). In consequence,

co = % + sinfy = (cosbp) - T + sin Gy,

and so, by (5.29)),

1+1/v 11 11
(5.31) “ V2 — ’ €0 2+2U + 2 v

Incidentally, we have also shown that the arc-length infinitesimal is

(5:32) [dul = 1+ (r2) ar = 14 Qg U
dr cos? 0 2 <00€
- (ae-r)

The contour will be as follows: first we go out of the origin along a straight
radial segment C7; then we meet the curve C, and we follow it clockwise for a
segment C, with the saddle-point roughly at its midpoint; then we follow another
radial ray C'5 up to infinity. For p small, C5 will just be the z-axis. Both C; and
('3 will be contained within the first quadrant; we will specify them later.

5.3.5. The integral over the main contour segment C. We recall that

2

(5.33) d(u) = % + liu — it log u.

Our aim is now to bound the integral
/ RO =1 g0,
Co

over the main contour segment Cy. We will proceed as follows. First, we will
parameterize the integral using a real variable v, with the value v = 0 corre-
sponding to the saddle point u = ug 4. We will bound R(¢(u)) from below by
an expression of the form R(¢(ug +)) + 2. We then bound |u|”~!|du/dv| from
above by a constant. This procedure will give a bound that is larger than the
true value by at most a (very moderate) constant factor.
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For u = x 4+ iy (or (r,0) in polar coordinates), (5.33]) gives us

22 _ 2 r2 92
R(o(w) = 5 — by + 7 = =~

— {y + T arcsin Y
(5.34) "

4\ 2 9 9
= <7> Yo(v) = £p"to(v),
where, by (5.27), (5.28), and (5.31)),

v+ )2 .
vo(v) = L0 a(singy - erpn)?)
v+ (sin By — c1 1) + arcsin(sin 6y — clpu)7
4p
and
T —T0 To
5.35 _ _ "o
By (&:27), (528) and (5.35)),

(5.36) % =cy—c1p(v+ 1) =sinfy — crpv
and so
(5.37) cop — c1vpp = sinb.

The variable v will range within an interval

1 —sinfy siné
(5.38) o, o] C <— ST ERM
c1p cap
(Here v = —(1—sin6y)/(c1p) corresponds to the intersection with the y-axis, and

v = (sinfy)/(c1p) corresponds to the intersection with the z-axis.)
We work out the expansions around 0 of

(5.39)
2 2
26
@(1 —2(sinfy — 1 pv)?) = % + (v cos 20g + 20 c1psin By)v

26

+ (COS2 9 4+ 4deqvgpsin By — c%p2yg> V2

+ 2(—1c3p? + crpsinbp)v® — ¢ pPut,
ind ind

vt (sinfy — c1pv) = —% + (_sm 04 Cll/0> v+ v,
arcsin(sin 6y — ¢1pv) _ O ii Py (sin 6y) (_Clp)kyk
4p dp  Ap =~ (cosfp)2k—1 k!

0 1 /- Zsin g
_bo < cip | (c1p)”sin 01/2+...>,

~4p " 4p \ cos by 2(cos )3

where Py (t) = 1 and Py (t) = P[(t)(1—t*)+(2k—1)tP(t) for k > 1. (This follows
from (arcsin z)’ = 1/v/1 — 22; it is easy to show that (arcsinz)®) = Py(2)(1 —
22)—(14—1/2)')

We sum these three expressions and obtain a series ¥o(v) = >, axpF. We
already know that

(1) ag equals the value of R(¢(u))/(£%p?) at the saddle point ug -,
(2) a; = O,
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(3)

1/ 1\? [dr\? " du S| " du 2
a =3 <%> <d_y> |7 (o )] |7 lr=ro| = 516" (w0, 4)l | =lr=ro
Here, as we know from (5.9), (5.19) and (5.I7),
, | = ibug, +2ir]  CEEVOT =
‘(b (uorf‘)‘ = 2 = 02 = 2 ’
|uo,+| 5 (v? —v) v~
and, by (2.31)) and (5.32),
ECTRNN [ CUSSS, O S g S
dr"=" dr| T 2 _ (ap_ 2 021 — sin? 6
c% c1 o
5.40
. YO e £ Ul B PO
e oLy L "+ 1/v

Thus,

1 /2j(p) 2
- - 14+7
273 ’U2—U( )

where T is as in (5.23]).
Let us simplify our expression for ¢y(r) somewhat. We can replace the third
series in (B.39) by a truncated Taylor series ending at k = 2, namely,

arcsin(sinfy — c1pv) by N 1 <—clp (c1p)?sin 0y 2)

4p " 4p " 4p \ cos by 2(cos 01)3
for some 6; between 0y and 6. Then 0, € [0,7/2], and so

arcsin(sin 6y — ¢1pv) S 0o 1 —cp

4p ~ 4p @ . cos@oy'
Since
R(v) = —cp*v® + 2(sin 0y — c1pvg)c1 pv

is a quadratic with negative leading coefficient, its minimum within [—ayg, o] (see
(538)) is bounded from below by min(R(—(1 —sinfy)/(c1p)), R((sinby)/(c1p))).
We compare

in @

R <s1n 0) = 2¢5 sin 6y — sin? O,
cp

where ¢3 = sin 0y — c¢1 prg, and

R <_M> = —2c3(1 —sinfp) — (1 — sin 90)2
cip

= 2¢38in 6y — sin® By — 2¢5 — 1 + 2sin b,
The question is whether

R (—m> - R <s1n90> = —2¢c3 — 1+ 2sinf
cp cp

= —2(sinfy — c1pvp) — 1 + 2sin by
=2ci1prg— 1
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is positive. It is:
c1po v2 —wv \/1+1/U T
= — = = . T > I—
1P 7 01\/ 5 5 =2
and, as we know from (C9), T > 0.79837 is greater than 1/v/2 = 0.70710....
Hence, by (5.37)),
sin 6y

R(v) >R <
c1p
= sin? 6y — 2(cp — sinfy) sin by = 3sin? 6y — 2¢o sin by
= 3sin? By — 2((cos fp) - T + sin fp) sin fy = sin? fy — (sin 26p) - Y.
We conclude that

) = 2¢5sin 6y — sin® Oy = sin® 0y — 2¢; Pl sin O

R(¢(uo,1)) 2

(541) ¢0(V) 2 £2p2 + 77]/ Y
where
2 .
(5.42) n=a L (c1p)”sinfo +sin? fy — (sin26p) - Y.

P 2(cos 0p)3
We can simplify this further, using

11
i(clp)25in90:£,1+1/v.r2. V2" _p T2 1-1/v
4p 2(cosbp)3 8 v2—w (14+4) /2 40 —v\/T+1/v
P T2 P T2 P T2 B T2
dovioi—1 4 [ia [ia 4242 2
AT e T
and (by (E:23))
11 Vur-1
in 20y = 2sin @ Op=24/-——=——
sin 26, sin g cos Oy \/ 1T e "
Cwvvri-1_ p/2 p
w2 (G422 j+ 1
Therefore (again by (5.25))
1 2j U S B | p
A4 = - 1+47) - —+-—=— - —- 7.
(5:43) =5\ ) st T T
Now recall that our task is to bound the integral
ai
/ e RO |y 7= 1| gy :/ e—fzp%o(v)(gp(,,JrVO))cr—l du dr dv
Cs ) dr dv
(5.44) o
é (Ep)o'e—%((ﬁ(u()d’)) / 6_7](2p2.y2(y+1/0)0'—1 Z_u dl/
ag r

(We are using (5.34)) and (5.41)).) Since ug y+ is a solution to equation (B.7), we
see from (5.6]) that

2

Up,+ . .
R(d(uo4)) =R <T + liug 4+ — 17 log u07+)

i ' 1
=R <% + % + Targ(uo,Jr)) = 5%(61u0,+) + 7 arg(ug, +).
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We defined y = R(—Viug) (after (5.10)), and we computed y/2 — arg(up, 4 )7 in
(5.14). This gives us

1_2(v—1)

e_%(¢(u07+)) _ e—(arccos; ) )

[SIR]

If 0 <1, we can bound

Vg_l if v >0,

5.45 v+1)7 7t <
( ) ( 0) B {(ao + 1/0)0_1 if v <0,
provided that ag + 19 > 0 (as will be the case). If o > 1, then

Vg_l if v <0,
(041 + 1/0)0_1 if v > 0.

(v+1)° 1t < {
By (£.32)),

L /i _ \/1+ el + )

cos? 6 (sinfy — c1pv)?

(This diverges as @ — 7/2; this is main reason why we cannot actually follow the
curve all the way to the y-axis.) Since we are aiming at a bound that is tight
only up to an order of magnitude, we can be quite brutal here, as we were when
using (5.45): we bound (c;7/¢)? from above by its value when the curve meets
the z-axis (i.e., when r = cof/c1). We bound cos? @ from below by its value when

v = «1. We obtain
c2 c2
— /1 0 /1 0
\/ + 1 — (sinfy — c1paq)? + cos26_’

where 0_ is the value of 8 when v = «;.
Finally, we complete the integral in (5.44]), we split it in two (depending on
whether v > 0 or v < 0) and use

d_u
dr

/ e gy < b / e dy = ﬁ/Z
0 tp\/m Jo Lp\/m

Therefore,
(5.46)

/ e~ RO 14|71 | du)
Ca

_ (Ep)ae—<arccos %—@)

[SIB]

2
i) VT2 o—1 , o—1
cos26_ gp\/ﬁ (VO + (a.]a + VO) )
1 2(v-—1)

' o—1 2 —(arccos ;—T>%
_ VT (14 <1+%> 1+ —0 )¢ :
2 2 cos? 0_ V1

where j, = 0if 0 <1 and j, = 1if 0 > 1. We can set a; = (sinfy)/(c1p). We
can also express g + g in terms of 6_:

r_  (co—sin 9—)£ co — sinf_
5.47 Qg+ rvg=—= = )
(5.47) 0ot =g 7 -
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Since vy = 1o/ (¢p) (by (B35]) and rg is as in ([5.29),

_ Vv(p)® —v(p)
vg = +—
V2p
Definition (5.22]) implies immediately that Y < 1. Thus, by (5.31),
(5.48) capro="T-/2(1+1/v) <27 <2
while, by (C.9),
(5.49) cpro =T -/2(1 + 1/0) > 0.79837 - /2
By (.47) and (£.48),
~1
(5.50) pp@) o _ape 2
) ag+1vyg cg—sinf_ T ¢y —sinf_

whereas

i 1/v2
<1+ﬂ> _qgsimbo g UVE s
v c1p 0.79837 - /2

We will now use some (rigorous) numerical bounds, proven in Appendix
First of all, by (C21), ¢cg > 1 for all p > 0; this assures us that ¢y — sinf_ > 0,
and so the last expression in (5.50) is well defined. By (5.47), this also shows that
ap + vy > 0, i.e., the curve C stays within the first quadrant for 0 < 6 < /2, as
we said before.

We would also like to have an upper bound for

1 6(2)
551) ﬁ (1459

using (5.43). With this in mind, we finally choose 6_:

7r
.52 0_=—.
(5.52 "
Thus, by (C.36]),
1 2 1+ 2¢2
\/5 <1 + COS‘;OH > </ +n 9 < \/min(5, 0.86p) < min(v/5,0.93./p).
We also get

2 < 2
co—sinf_ — 1 — 1/\/5
Finally, by (C39),

vZ—wv {P
>
5 2

and so, since pf = 47/¢, \/pl = 2,/7 and (1 — 1/2%/2) < 2/3, (529) gives us

7‘02{

We conclude that

< 7.82843.

~

6 if p <4,
~r<(1-5R) % ifp>4

vl

7 ifr§£2_gmin<
VT oifr>02 3

T

V)

W WIN

—(arccos L —2(v=D\x
(5.53) | O ] = e (e,

Ca
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where

(5.54)

Cre = min <27 3’32%) (1 + max (7.83'77,1.6371)) <%>H

for all 7 > 0, £ > 0 and all 0. By reflection on the z-axis, the same bound holds
for 7 < 0, £ < 0 and all 0. Lastly, (5.53]) is also valid for £ = 0, provided we
replace (5.54) and the exponent of (5.53]) by their limits as £ — 0.

5.3.6. The integral over the rest of the contour. It remains to complete the con-
tour. Since we have set §_ = 7/4, C} will be a segment of the ray at 45 degrees
from the z-axis, counterclockwise (i.e., y = x, x > 0). The segment will go from

(0,0) up to (x,y) = (r—_/v2,r_/+/2), where, by (5.27),
1 Y c1

EZT—:—?T—FCO,
and so
/ 1
5.55 = — - — .
(5.55) r CI<CO ﬂ)

Let w = (1 +1i)/+/2. Looking at (5.6]), we see that

(5.56)
/ e~ Wy gy
C1

/ e_“2/2e(5u)us_1du
C1
S/ e—%((ﬁ(u))‘u’a—l‘du‘ _ /T e_m(¢(tw))ta—1dt7
Ch 0

where ¢(u) is as in (5.33]). Here
2
(5.57) R(p(tw)) =R <%Z + liwt — it <logt + zz)> = _ﬁ + Eﬂ

4 V2 1
and, by (C.40),
br_ 7 T T
L T s 0076392 + Sy = (— —0.30556> > 0.47987.
\/5 + 47' > p+ 47' 1 T T
Consider first the case o > 1. Then

o br_

r— r_ ﬂ- .
/ e Retw)r—Lgy < Ti_l/ ev: 4T dt <r%evz 47,
0 0

By (B.55) and (C.40),
(5.58) r_ < /pl)2 < /T,

Hence, for o > 1,

(559) < T0/2€_0'47987.

/ e‘“z/ze(du)us_ldu
C1

Assume now that 0 < o < 1, s # 0. We can see that it is wise to start by an
integration by parts, so as to avoid convergence problems arising from the term
t°~! within the integral as o — 0*. We have

S ! s
/ e e(buyu du = €_u2/2€(5u)u_|6uri _/ (B_U2/2e(5u)> e
1 i < |
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By (.57),

() S| -

As for the integral,
(5.60)

/ S . S
/ <e_“2/26(5u)) Y = —/ (u+ Ei)e_uz/Q_&“u—du
C1 § C1 §

Hence, by (5.50) and (5.57),

/01 (e‘“2/2 ((5u)> ?du

By (5.59),

We conclude that

/ e_“2/2e(5u)u8_1du
C1

IN

IN
N
[—

+

—
St
S
N~
\]
[ME]
(¢
s
N
3
©
o3
3

when o € [0,1); by (559), this is true for o > 1 as well.
Now let us examine the contribution of the last segment C3 of the contour.
Since C9 hits the z-axis at col/c1, we define C3 to be the segment of the z-axis

going from x = ¢pl/cy till x = co. Then
< /OO e_IQ/szd—x
= Jet T
c1

/e_tQ/Qe(ét)tsﬁ':/ e_x2/2e(5x):nsd—x
Cs t CcLle xT

<_e—m2/2xo—2>/ — /201 _ (o — 2)e—m2/2x0—3

< —x2/2( o—2 + (O’ . 2)1,0—4))/ — e—x2/2xa—l . (O’ - 2)(0, o 4)€_x2/2£0_5

(5.61)

Now
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and so on, implying that

0o
2 dz
e /2$O'_
t x

202 if0<o <2,
< o—o/2 . (xa—2 + (o — 2)x0_4) if2<o<4.

and so on. By (C.43)),

Cclf > min <%, Zﬁ) .
We conclude that

. \2 25
/ €_t2/26(5t)t5£‘ <P, (min <Z, §\/7_->> e‘““(%(?) 7:2»727>’
Cs t 04
where we can set Py (x) = 27 2if o € [0,2], P,(z) = 2724+ (0—2)2° 4 if o € [2,4]
and P,(z) =27 2 + (0 — 2)2°* + ... + (0 — 2k)z° 2+ if 5 € [2k, 2(k + 1)].
* * *

We have left the case £ < 0 for the very end. In this case, we can afford to use
a straight ray from the origin as our contour of integration. Let C’ be the ray at
angle m/4 — « from the origin, i.e., y = (tan(r/4 — a))z, > 0, where a > 0 is
small. Write v = e("/4=%)7_ The integral to be estimated is

I:/ e‘“z/ze(éu)us_ldu.

Let us try a = 0 first. Much as in (5.56]) and (5.57)), we obtain, for £ < 0,

o0 _ - o0
1| S/ e_(fg“T)t"—ldt:e—%T/ e‘mt/ﬁt”%
0 0

(5.62) o o
e (V2) [T gedt (V2 py
= (re\>/o tt‘(\@!) He)

for o > 0. Recall that I'(0) < o~! for 0 < o < 1 (because ol'(0) = I'(c + 1) and
I'(o) <1 for all o € [1,2]; the inequality I'(0) < 1 for o € [1,2] can in turn be
proven by I'(1) = I'(2) = 1, I'(1) < 0 < I(2) and the convexity of I'(0)). We
see that, while (5.62]) is very good in most cases, it poses problems when either
o or £ is close to 0.

Let us first deal with the issue of ¢ small. For general « and ¢ < 0,

2 H s w
‘[‘ - /oo e_(% sm2a—£tcos(z—a)+(z—a)7)tg_ldt
0

< e_(%_a)T /OO e—% sin2ataﬁ — M /OO e_éta%
0 0

t  (sin2a)o/2
—(%—a)'f 00 d aTt
(& a e s
- - . 20/2—1/ ~y,gd - = 20’/2F Ne I,
(sin 2a)7/2 0 ¢y y  2(sin2a)7/2 (o/2)e”

Here we can choose a = (arcsin2/7)/2 (for 7 > 2). Then 2a < (7/2) - (2/7) =
/7, and so

.7 w/2
ezr o —Tr e o —Tr
(5.63) 1< 357y 2 PT(o/2)e 8 < Smr 2T (0/2) - T,
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The only issue that remains is that ¢ may be close to 0, in which case I'(c/2)
can be large. We can resolve this, as before, by doing an integration by parts. In
general, for -1 <o <1, s#0:

S

S /
|7l < e_“2/2e(5u)u—]8°° —/ (e‘“z/ze(éu)> Y du
S ’

5
(5.64) = / (u + Li)e~v* 12— tin 2 du
= l/ —u?/2 e(du)u “"Jrlalu—kﬁ e/ e(ou)u’du.
S ’ s Jor

Now we apply (5.62) with s 4+ 1 and s + 2 instead of s, and get that

o+42 o+1
1 = ’1’ (ﬁ) D(o+2)- —+%<%> D(o+1) -

() (Brve)er

Alternatively, we may apply (5.63]) and obtain

1 em/? 2)/2 —T |€|‘37r/2 1)/2
11 5o +2)/2) 7O 17 4 AETr (o4 1)/2) - oD/
S S
w/2,0/2 .
Pilde (1 N ﬁ|€|> 3
2 NG

fo [0,1], where we are using the facts that I'(s) < y/m for s € [1/2,1] and

r o c
I'(s) <1 forse(l,2].

5.4. Totals. Summing (5.53)) with the bounds obtained in §5.3.6, we obtain our
final estimate. Recall that we can reduce the case 7 < 0 to the case 7 > 0 by
reflection. We have proven the following statement.

Proposition 5.1. Let fs5(t) = —t*/2 e(dt), d € R. Let Fs be the Mellin transform
of fs, i.e.,

Fy(s) = / 126 (5t)°
0

where § € R. Let s =0 +i1t, 0 >0, 7 # 0. Let { = —2x1d. Then, if sgn(d) #
sgn(7),

(5 ) 17!
Fs5(s)| < Corp-e <(“5)
s OIS Con

)

Oy e 0TS o o~ min(3(5)" 317
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where
(5.66)

E(p) = - <arccos

o)~ 1)
p )’
1—0

3/2

min (2%', \/ |7'|>

(p)
Corp = nnn<,2ﬂ6> (1 + max(7.83'77,1.63771))

1+ +/1+ p?

%7 ’U(p) =

7| 5
Corp = <m1n <2ﬂ‘5‘,4\/]7\ )
where Py(x) = 2772 if 0 € [0,2], Py(z) = 292+ (0 — 2)2°* if 0 € (2,4] and
Py(x) =224 (0 —2)z" 4 + ... + (6 — 2k)x72+D) 4f 5 € (2K, 2(k + 1)].
If sgn(6) = sgn(r) (or 6 =0) and |7| > 2,

(5.67) |F5(s)] < O e 317,

where

1++v2
CLT,Z = <1 + 7_\/7) T

/202 [ 14 2200 for o €0,1],

Virl

T =
2 I'(c/2) for o > 0 arbitrary.

The terms in (5.65) other than Cp ¢ - e~ BT/ are usually very small.
In practice, we will apply Prop. 5.1l when |7]/27|d| is larger than a moderate
constant (say 8) and |7| is larger than a somewhat larger constant (say 100).
Thus, Cy ;¢ will be bounded.

For comparison, the Mellin transform of e /2 (i.c., Fy = M fo) is 25/271T(s/2),
which decays like e~ (*/9I7l. For 7 very small (e.g., |7| < 2), it can make sense to
use the trivial bound

(3] o/2
(5.68) IF3(s)| < Folo) = / e_t2/2ta% — 90/2-17(5/2) <
0

for o € (0,1]. Alternatively, we could use integration by parts (much as in (5.64])),
followed by the trivial bound:

o / S N
(5.69)  Fy(s) = _/ (e_u2/2e(5u)) w o - Fss+2) 27T62F5(S L),
0 s s s

and so
o+2

(5.70) L&@N<27"”WZ¥)+2_"W%ﬁW(%%)< T 1+ 27|
B 5] V2

for 0 < o <1, since 2°T'(z) < /27 for x € [1/2,3/2].
It will be useful to have simple approximations to F(p) in (5.GG]).

Lemma 5.2. Let E(p) and v(p) be as in [{5.606). Then

1 )
(5.71) E(p) > gﬂ - 3?4/)

for all p > 0. We can also write

B sin 28
(5.72) E(p) = 172 I tsmp)
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where f = arcsin 1/v(p).

Clearly, (5.71)) is useful for p small, whereas (5.72]) is useful for p large (since
then f3 is close to 0). Taking derivatives, we see that (5.72]) implies that E(p) is
decreasing on f; thus, E(p) is increasing on p. Note that (B.71]) gives us that

o o) e ) ()

Proof. Let o = arccos 1/v(p). Then v(p) = 1/(cos a), whereas

2
V1?2 =202%p) - 1= —1,

2 2 4 4
(5.74) p= 1 _1:¢ B
cos? o costa cos?a

2v1 —cos?a  2sina

cos? o - cos2a’
Thus
(5.75)
2E(p) = oo — 2(0<2>§S+a_1) — - (1 _C?SQ)COSQ o (1.—Cos2a)cosa
vy Sin v sin a(l + cos a)
COs“ &
sin v cos av sin 2o
=0 — =0 — —.
1+ cosa 4cos? §
By (C44) and (5.74), this implies that
p  5p°
2F >

giving us (B.71)).
To obtain (572), simply define § = 7/2 — «; the desired inequality follows
from the last two steps of (5.75). O

Let us end by a remark that may be relevant to applications outside number
theory. By (B.35), Proposition 5.1l gives us bounds on the parabolic cylinder func-
tion U (a, z) for z purely imaginary and |R(a)| < 1/2. The bounds are useful when
|S(a)] is at least somewhat larger than [S(a)| (i.e., when |7] is large compared to
?). As we have seen in the above, extending the result to broader bands for a is
not too hard — integration by parts can be used to push a to the right.

6. EXPLICIT FORMULAS

An ezplicit formula is an expression restating a sum such as S, ,(§/x,x) as a
sum of the Mellin transform G;(s) over the zeros of the L function L(s,x). More
specifically, for us, Gs(s) is the Mellin transform of 7(s)e(ds) for some smoothing
function 7 and some § € R. We want a formula whose error terms are good both
for § very close or equal to 0 and for § farther away from 0. (Indeed, our choices
of n will be made so that Fs(s) decays rapidly in both cases.)

We will derive two explicit formulas: one for n(t) = t2¢7/(29) " and the other
for n = n4, where 74 is defined as in (£7)) for some value of H > 0 to be set
later. As we have already discussed, both functions are variants of no (t) = e=t*/2,
Thus, our expressions for G5 will be based on our study of the Mellin transform

F;s of noe(dt) in §5l
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6.1. A general explicit formula.

Lemma 6.1. Let 1 : Rar — R bein C'. Let x € RY, § € R. Let x be a primitive
character mod q, g > 1.

Write Gs(s) for the Mellin transform of n(t)e(d6t). Assume that Gs is holo-
morphic on {s: —1/2 < R(s) <1+ ¢€}. Then

g:lf\(n)x(")e (gn> n(n/x) = I—1 - 9(—8)z — ZG5

(6.1)
+ 0*(|G5(0)]) + O* ((log g + 6.01) - (|2 + maumm z 12,
where
1 ifg=1,
Iq:l = .
{0 if g # 1.

and the norms |n|a, |7|2 are taken with respect to the usual measure dt. The sum
>, s a sum over all non-trivial zeros p of L(s,x).

Proof. Since Gs(s) is defined for R(s) € [-1/2,1 + €],

1+e+i00 L/(

ZA Ye(dn/x)n(n/x) = 2%” /l—l—e—ioo — L(;:;)) Gs(s)z®ds

(see [HL23, Lemma 1] or, e.g., [MVOT7, p. 144]). We shift the line of integration
to R(s) = —1/2. If ¢ =1 or x(—1) = —1, then L(s, x) does not have a zero at
s=0;if ¢ > 1 and x(—1) = 1, then L(s, x) has a simple zero at 0 (as discussed
in, e.g., [Dav67, §19]). Thus, we obtain

1 (2 IM(s,x)

2mi 2—i00 L(87 X)
(6.2)

Gs(s)a'ds = I;-1Gs(1)z — > Gs(p)a” — 11, Gs(0)
p

_i —1/24ic0 L/(S,X)
21 ) _1/2—ic0 L(s:X)

Gs(s)x’ds,
where I, =1if ¢ > 1 and x(—1) =1 and I; , = 0 otherwise. Of course,

G5 (1) = M((t)e(6t))(1) = /0 T n(Be6t)dt = ().

It is time to estimate the integral on the right side of (6.2]). By the functional
equation (as in, e.g., [IK04, Thm. 4.15]),

o Sgowio () (5

where ¥(s) =T1"(s)/T'(s) an

o ifx(-1)=1
T (-1 = —1
By ¥(1 — z) — ¢(z) = mcot ma (immediate from I'(s)['(1 — s) = n/sinws) and
P(s) + (s +1/2) = 2(1p(2s) —log 2) (Legendre),

(6.4) —% (zp <3J2r”> + <1_8%>> = —w(l—s)+log2+gcot @
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Now, if R(z) = 3/2, then |t? + 22| > 9/4 for all real t. Hence, by [OLBCIO,
(5.9.15)] and [GRO0, (3.411.1)],

1 > tdt
¥(z) =logz — 25 2/0 2 1 Z2)(e27rt 1)
=1 —— 4207
0g z + </0 e27Tt )>
20" </0 e27rt )

8
9
=logz — 2i + g o* < F(2)C(2)>

(6.5) =logz — — +

(27)?

1 (1 . (10
logz—2—+0 (27> logz+ O (27>

Thus, in particular, ¥(1 — s) = log(3/2 — iT) + O*(10/27), where we write s =
1/2 +ir. Now

cot m(s+r)| e$?_§7 + ei?*'%T L
2 eFT1i—37 _ eiZH'fT
Since R(s) = —1/2, a comparison of Dirichlet series gives
L'A-sx)]|_ [¢'3/2)
6.6 —| < < 1.50524,
o I = 3/

where ¢’(3/2) and ((3/2) can be evaluated by Euler-Maclaurin. Therefore, (6.3])
and (6.4]) give us that, for s = —1/2 +ir,

L'(s, x

5 + 1T
L(s, x)

2

10
— +log2 1.50524
-1-27—1- og +2+ 505

' ‘log q‘ + log

(6.7) 9
< ‘log —‘ + —log (72 + = ) + 4.1396.
7 2 4

Recall that we must bound the integral on the right side of (6.2]). The absolute

value of the integral is at most 2~/2 times
1, -
1 —5 100 L/(S X)
. : ds.
(6.8) o e T Gs(s)|ds

By Cauchy-Schwarz, this is at most

_Ll., 2 _Ll.,
1 20 (s, x) 1 1 PR
/ IR VRS —/ |G (s)s|* |ds]
27T ———zoo L(37X) s 2m —%—ioo

By ©.7),
2 +zoo
ds| < /
—%—zoo

/—%H‘w L(sx) 1
—%—ioo L(37X) S
+J/°° |%log(7‘2 )—I—41396—|—log7r|

logq' ds|

—+’7'2

< V2rlogq + V/226.844,
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where we compute the last integral numericallyﬁ
By (231), Gs(s)s is the Mellin transform of

(6.9) - tw = —2midte(5t)n(t) — te(dt)n'(t)
Hence, by Plancherel (as in (24])),
(6.10)

2

—14ico o]
;ﬂ / G (s)s]? |ds| = ¢ /0 —2riste(Styn(t) — te(t)n ()| t-2dt

_ 27715;\// (8)2dt + \// (t)2dt.
Thus, (6.8) is at most

226.844
<logq+ > (112 + 28] |n]2) -

2T

It now remains to bound the sum }_  Gs(p)z” in (6.I). Clearly

< Z ‘G(; ’ x%(p

Ll'p

Recall that these are sums over the non-trivial zeros p of L(s, x).
We first prove a general lemma on sums of values of functions on the non-trivial
zeros of L(s, x).

Lemma 6.2. Let f : Rt — C be piecewise C'. Assume lim;_,o f(t)tlogt = 0.
Then, for anyy > 1,

> =g [ aesy ar

p non-trivial

(6.11) S(p)>y
Lo <\f(y)\gx(y) [Tl -gX<T>dT) ,
Y
where
(6.12) 9x(T') = 0.5log qT' + 17.7

If f is real-valued and decreasing on [y,00), the second line of (6.11]) equals

(3] )

Proof. Write N (T, x) for the number of non-trivial zeros of L(s, x) with |3(s)| <
T. Write NT(T,x) for the number of (necessarily non-trivial) zeros of L(s, )

8By a rigorous integration from 7 = —100000 to 7 = 100000 using VNODE-LP [Ned06],
which runs on the PROFIL/BIAS interval arithmetic package[Knii99].
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with 0 < S(s) < T. Then, for any f : RT — C with f piecewise differentiable
and limy_, o f(t)N(T, x) =0,

£(3(p)) = / (@) dNH(T x)

- /OO (I NT(T, x) = N*(y, x))dT

=3 | PO - N

Now, by [Ros41, Thms. 17-19] and [McC84, Thm. 2.1] (see also [Tru, Thm. 1]),

log 2—T + O™ (g5 (1))

for T' > 1, where g, (T) is as in (IB]ZD (This is a classical formula; the references
serve to prove the explicit form (6.12]) for the error term g, (7').)
Thus, for y > 1,

3(p)) = qT
S £S0) ———/f < og il Vi 2m>dT

(6.14) p:S(p)>y N
Lo (If(y)lgx(y) + [Tl -gX<T>dT> |

d
(6.13) N(T,x) = Z

Here

1 [ T qT 1 [ qT
6.15) — = () [ Z1og I _ Yy dl' = — T)log —dT.
( ) 2/y f()<ﬂ' Og2e T 27T€> 27‘(’/ f()0g27T
If f is real-valued and decreasing (and so, by lim;_,, f(t) = 0, non-negative),

F()]gx () / |f'(D)] - 95 (T)dT = f(y / F'(T)gy (T
=0.5 / f(—TdT,
y T

since ¢, (T') < 0.5/T for all T > Tp. O

Lemma 6.3. Let n: R — R be such that both n(t) and (logt)n(t) lie in Ly N Lo

(with respect to dt). Let 6 € R. Let G5(s) be the Mellin transform of n(t)e(dt).
Let x be a primitive character mod q, ¢ > 1. Let Ty > 1. Assume that all

non-trivial zeros p of L(s,x) with |3(p)| < Ty lie on the critical line. Then

> 1Gs(p)]

p non-trivial
[S(p)|<To

1s at most

(Inl2 + |n - log |2)v/To log qTp + (17.21|n - log |2 — (log 2mv/e)|n|2)/To
+[n(e)/ Vi) - (132108 g+ 34.5)

Proof. For s =1/2 + i1, we have the trivial bound

(6.16) Gl < [ 25 = [V
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where Fjy is as in ([6.19]). We also have the trivial bound
(6.17)

dt _
G (s |—' | oz \ (log (01 = Qog (e,

for s = o + 7.
Let us start by bounding the contribution of very low-lying zeros (|3(p)| < 1).

By (6.13) and (6.12),

1
N(1x) = ~log % + 0" (0.5log g + 17.7) = 0*(0.819log ¢ + 16.8).

Therefore,

Z |Gs(p)| < ‘n(t)t_l/z‘ -(0.8191og g + 16.8).
p non-trivial !
IS(p)<1

Let us now consider zeros p with |3(p)| > 1. Apply Lemma[6.2l with y = 1 and

1/2 +it)] ift < Ty
f(t):{LGs(/ ta)| i<,
if t > Tp.

This gives us that

To
> S == [ fmyosLar
(6.18)  AI<IS()<To m

0* (If(l)lgx(l) o TN dT) ,

where we are using the fact that f(o+i7) = f(0 —i7) (because 7 is real-valued).
By Cauchy-Schwarz,

To To TO
L 1og_dT<¢ IR ,Zdw [ £> -
i 1 7T
2
<+ZT>

by Plancherel (as in (IZE)) We also have

To T or [ T\ 2
/ <log q_> dT < ] (logt)?dt < <10g H) + 1] -Tp.
1 2 q 0 2me

Hence

Now

1 (7o
—/ (T 2dT<_
1

T - 27

dr < / (6t (1) 2dt = ]2
0

™

1 [To qT qTy 2
— T)log —dT < log — 1- To.
G _ﬂog%e F1- Iy

Again by Cauchy-Schwarz,

/1 /(D] gy (T dT<\/ / |2dT\/ /T°|gx )[2dT.
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Since |f(T)| = |G5(1/2 +4T)| and (Mmn)'(s) is the Mellin transform of log(t) -
e(dt)n(t) (by @.3)),

R |f/(T)[PdT = |n(t) log(t) 2.

2 J_ o

Much as before,

T() TO
/ |9y (T)[2dT < / (0.5log qT + 17.7)%dT
1 0

= (0.25(log qTp)? + 17.2(log qTp) + 296.09)Ty.
Summing, we obtain

To 00
L[y Iar+ [T1@) gy ar
™ J1 Y 1

T 1 log qT;
< (1o 2+ 1) ol + (B 41721 Ino) 1o )l ) v/

2Te
Finally, by (6.16]) and (6.12]),
FWgn (V) < [n)/VE] - (05108 +17.7).

By (6.I8) and the assumption that all non-trivial zeros with |S(p)| < T lie on
the line R(s) = 1/2, we conclude that

Y. 1Gs(p)l < (Inl2 + n - log|2)v/To log 4Ty

p non-trivial
1<[S(p)| <To

+(17.21Jn - log |2 — (log 2m\/€)[n|2)v/To
+ [tV - (05108 +17.7),

6.2. Sums and decay for 7(t) = t2¢~**/2 and 7*(t). Let

(t) = t2e=/2 if t >0,
=0 ift<0,
(6.19)

Fy(s) = (M(e™ s e(6)) (s).
Gs(s) = (M(n(t)e(6t)))(s).
Then, by the definition of the Mellin transform,
Gs(s) = Fs(s +2).
Hence

1G5(0)] < |(M)(0)] = / b2t = 1
0
and

Inf3 =

3 ne 7
8\/7_77 |n|2_16ﬁ7

In-log|3 <0.16364,  |n(t)/Vth =

w <1.07791
1 <1 .
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Lemma 6.4. Let n(t) = t2¢ /2. Let x € RT, § € R. Let x be a primitive
character mod q, ¢ > 1. Assume that all non-trivial zeros p of L(s,x) with
IS (p)| < Ty satisfy R(s) = 1/2. Assume that Ty > max(472|5],100).

Write Gs(s) for the Mellin transform of n(t)e(ot). Then

2
> 1Gs(p) < T logl <3 pe 0159870 4 9 5Ge 10 W)

p non-trivial
1S(p)[>To

Here we have preferred a bound with a simple form. It is probably feasible to
derive from the results in §5l a bound essentially proportional to e~ E0To where
p=Ty/(w6)? and E(p) is as in (5.66). (This would behave as e=("/Y7 for p large

—0.125(Tp /(6))?

and as e for p small.)

Proof. First of all,
Yo Gl = D> (Es(p+2)|+[F5((1—p)+2))),

p non-trivial p non-trivial
IS(p)|>To S(p)>To

where we are using G5(p) = F5(p+2) and the functional equation (which implies
that non-trivial zeros come in pairs p, 1 — p).
By Prop.[Bdl given p = o +i7, o € [0,1], 7 > max(1, 27|d|), we obtain that
[Fs(p+2)| + |[F5((1 — p) + 2)]
is at most

T

—F Al T _ — min( L 2,&7— _z
Corp-e ((ms)?) +Cyr-e 047987 L 0 e (8(7r6) 52 |)+C;e 4|T\7

where E(p) is as in (5.60]),
2

(Il
Core <2-(1+1.63%)- - (?'2 \/W> < 3.251 min <§ (%)2 , m)
= (1 = T\ﬁ> it Car<min (FL VAT +1, or2 S
and £ = —2m0.
For 7 > Ty > 100,
(6.20) <1 41 m/é> + 67;/2 e (F-04798) 171 < 1 95
and so

Cyr - ¢—04798I7| C’;e_%“‘ < 1‘025|T|3/2e—0.4798|7\‘

It is clear that this is a decreasing function of |7| for |7| > 3/(2 - 0.4798) (and
hence for || > 100).

We bound
1.5) > 0.1598 if p > 1.5,
(6.21) E(p) > )) |
p > 0.1065p if p < 1.5.
This holds for p > 1.5 because E( ) is increasing on p, for p < 1.19 because of

(E7T), and for p € [1.19,1.5] by the bisection method (with 20 iterations).
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The bound ([6.21]) implies immediately that

(6.22) ()7 < o198 min(3(5)" )
Since 7 > Ty > max(472|§|, 100),
e‘%(%)z < 0.0556_0'1598%(%)2’

(6.23) b
e 3T < 1.1 .10 e 01597

|7 0.055 /(1 1 17\ 2 2 (|7]\?
0.055- (1 +1) < 4 — ) (=) <o0.0039-2 (=
<|£|+ T Arw 2+47T ) = 3\ 76
0055 (2 /T +1) <0055 (2.2 4 L) 17 < 0.0075)r]
‘ 4 = 410 100 = ‘

Hence
(6.24)
7] ; T \2 : T \2
C()ﬂ—,z ) e—E(W)-T i 0277 e mln(%(ﬁ) ,g—gh—\) < C677—7é ) 6—0.1598m1n<%(ﬁ) ,\T|)

2 2
Ch.r.5 = 3.26 - min <§ (%) , m) .

It is clear that the right side of (6.24)) is a decreasing function of 7 when

_ 2 7\?2 1
min [ (=—) ,|7] | >
370 0.1598

(and hence when 7 > Ty > max(472|d], 100)).

We thus have
SoGsls Y. (S,

and

)

where

p non-trivial p non-trivial
1S(p)|>To S(p)>To
where
_ in(2(2)2 |-
(625) f(T) = C(,]ﬂ—,é .e 0.1598m1n<3(ﬂ6) | |> + 1.025’7_‘3/26—0.478‘T|

is a decreasing function of 7 for 7 > Tj.
We can now apply Lemma [6.21 We obtain that

~ o 1 qT 1
> s [T (Gree s+ ) ar

p non-trivial
S(p)>To
If |6 < 4, then the condition 7 > Ty > 472|§| implies 7 > (76)2, and so
min((7/76)2,|7]) = |r|. In that case, the contribution of the term in (6.25)
involving Cj _ , is at most

T2 o 1 —0.1598T
'2 3.26 . e 1 - _ T . dT
(6 6) /TO (27‘( og o + 4T> e
If |6] > 4, the contribution of Cj _, is at most
> 1 T 1
(6.27) 3.26 - / (_ log @ + _> Te—0-1598T g
max(Tp,(78)?) 2T 2m 4T
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plus (if Ty < (76)?)

@ 1 g 1\ T? —oases2 T2
3.26 - — log — 302 dT
/TO <27r o 4T> 7252°¢

1 q 1 2 —0.1065¢t2
< 3.267|4| - — t : dt.
< 3.267}9] - (2 2 T |5|t> ‘

(6.28)

For any y > 1, ¢,c; > 0,

/OO t2 —Ct2 dt < /Oo t2 + 1 —Ctz dt y + 1 _cy2
e e = - — ] -e
y y 4c2t2 2c  4c?y ’

* > tloget loget
C
4 Y

2c 4c?t
_ Qeyta)logy+a .0
N 4¢2 e
where
cy+ B 1 aytogae
©oylogey 1 g ylogey 1 ¢
2c 4c?y 2¢ 4c?y

Setting ¢ = 0.1065, ¢; = 1/(2|0]) < 8 and y = Ty/(w|d|) > 47, we obtain

o0
qlé|t 1 2 —0.1065¢2
| — |t : dt
/To <27T &y + 4r|o|t c

||

qld| To 1 —0.1065(E)2
~ log . . o]
= < 2 orels] 42 -an ) €

T T
1 (QCF%I + a) log 7757 + @ ' 6—0.1065(%)2
27 4c?

_|_

and
4m + 1
3 4-0.10652-(47)2

a S E + 47 log 4me _ 1 S 0.088.
2:0.1065  4:0.1065%4x
2
o . ~0.1065( %)
Multiplying by 3.267|d|, we get that (6.28]) is at most e 1) times

T
91 4 9 4473 10g L

(2.44Ty + 2.86|0)) - log —— m

+ 3.2|d|log W)
(6.29) 1 1
+ TogTo /76 qT qT;

< (244 +3.2. —1oeTo/mBl ) 1106 950 < 9 5677 10g L0

—( +3 /19| 0log 5= = 2.561plog 57,

where we are using several times the assumption that Ty > 42|
Let us now go back to (6.26]). For any y > 1, ¢,c; > 0,

& 1
/ te”“dt = (Q + —2> e Y,
Y c ¢
o o —1 1
/ (t logt + c_1> e tdt < / <<t + a_> logt — — — %) e “tdt
y t y c c c°t

< (L 8) gy,
C C
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where
logy | 1 4 a
o = c + c + y
T logy 1
c cy

Setting ¢ = 0.1598, ¢; = 7/2, y = Ty > 100, we obtain that
(1 qT 1 —0.1598T
—log=—+ — | Te™ ™ dT
/TO <27r 8ot 4T> ¢

1 T 1 T
< — (log 4 (o0, ) (0,2 log Ty ) e~0-159570
™ 27 c 2 ¢ c2

and
log To + _1 /2
< 0.1598 0.1598 To S 1.935.
log Ty 1

0.1598 ~ 0.15982Tp
Multiplying by 3.26 and simplifying, we obtain that (626 is at most

T,
(6.30) 3.5Tp log % . ~01148Tp
T

Obviously, (6.27)) is bounded above by (6.26]), and hence it is bounded above by
630) as well. 0

Proposition 6.5. Let n(t) = 2e=/2 Letz € R*, § € R. Let x be a primitive
character mod q, ¢ > 1. Assume that all non-trivial zeros p of L(s,x) with
IS (p)| < Ty lie on the critical line. Assume that Ty > max(472|6], 100).

Then

(6.31)
3 n)x(n)e én n/x) = n(=6)z + 0" (erry\(0,2)) -z ifqg=1,
> Amx(r) (20) i) {O* R A
where

T —0.1065. 7
erry,\(0,z) = Tplog q2_7ro : (3.56_0'1598TO 4 2.56¢ 100 (7r(5)2)

+ <1.22\/T0 log ¢Tp + 5.056+/Tp + 1.423log ¢ + 38.19) 12
+ (log g + 6.01) - (0.89 + 5.13|8]) - z~3/2.
Proof. Immediate from Lemma [6.1] Lemma [6.3] and Lemma [6.4 O

Now that we have Prop.[6.5] we can derive from it similar bounds for a smooth-
ing defined as the multiplicative convolution of 1 with something else — just as
we discussed at the beginning of §4.31

Corollary 6.6. Let n(t) = 2e=t/2 =2, T2, me = mo*m m. Let ne =
ny ¥y . Let x € RT, § € R. Let x be a primitive character mod q, ¢ > 1.
Assume that all non-trivial zeros p of L(s,x) with |3(p)| < Ty lie on the critical
line. Assume that Ty > max(472|3],100).

Then
(6.32)

3 n)x(n)e én n/x) = M (=0)z + O (erry, x (6, %)) @ if g=1,
;A( )x(n) <x )m( /) {o* (erry, o (6,2)) - ifa>1,
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where
(6.33)
2
T,
erry x. (0,2) = Tplog % : (3.56‘0'1598T0 1£0.0074 - ¢ "1 5)2>
T

1

+ (1.22\/T0 log ¢ Ty + 5.056+/Tp + 1.423log ¢ + 38.19) x7E
+ (log g 4 6.01) - (0.89 + 2.7]8]) - 2~%/2.
Proof. The left side of ([6.32)) equals

[ S ()0
_ /1 i An)x(n)e (%@) 2 (25w %w |

since 7, is supported on [—1/4,1]. By Prop. [65 the main term (if ¢ = 1)
contributes

;s 05 = o [t

= / / e(dwt)dtns (w dw—:n/ / %ng(w)dw
[ ([ 77<T>772( )22 etoridr = (-9) -

The error term is

1 1
(6.34) / erry (6w, zw) - wa - ng(w)d—w =2x- / erry  (dw, zw)nz (w)dw.
1 w 1

4 4

Since [ mp(w)dw =1, [ wna(w)dw = (3/4)log 2 and

_ . 2( L _
/ ¢ 0106504 (35 1)y < 0.002866,
w

we see that (6.34]) implies (6.33)). O
6.3. Sums and decay for 7 (t). We will work with
(6.35) n(t) = 04 (6) = har (0 () = har (D)™ /2,

where hy is as in ([4I0). Due to the sharp truncation in the Mellin transform
Mhpg (see §4.2) and the pole of Mno(s) at s = 0, the Mellin transform Mn, (s)
of 14+ (t) has unpleasant singularities at s = +iH. In consequence, we must use a
different contour of integration from the one we used before. This will require us
to rework our explicit formula (Lemma [6.1]) somewhat. We will need to assume
that the non-trivial zeros of L(s, x) lie on the critical line up to a height Tj; we
would have needed to make the same assumption later anyhow.

9By rigorous integration from 1/4 to 1/2 and from 1/2 to 1 using VNODE-LP [Ned06).



MAJOR ARCS FOR GOLDBACH’S PROBLEM 67

Lemma 6.7. Let n: R(J)r — R bein C'. Letx > 1, 6§ € R. Let x be a primitive
character mod q, ¢ > 1.

Let H > 3/2, Ty > H + 1. Assume that all non-trivial zeros p of L(s,x) with
1S(p)| < To satisfy R(s) = 1/2.

Write Gs(s) for the Mellin transform of n(t)e(d6t). Assume that Gs is holo-
morphic on {s:1/5 < R(s) <1+e}U{s:—1/2 <R(s) <1/5,|(s)| > Ty — 1}.

Then

g:lf\(")x(n)e (%n> n(n/x) = I—1 - 9(—8)z — ZG5

+O0*((7.911og g + 82.7) - (2(6]|n (1)t 1] + |77 (6)71])) - 2!/

(6.36) Tlog H_ 71
+ O* o8 lT- 1984 4 1704 max |Gs(o 4+ iH_)|z°
107 2T Ue[_?_
logq+log H_ +6.71 , _1/9
* - (21ls . /
+O ( \/ﬂT ( 77’ "77’24“77 ’2) x ;
where
[y =4t Ta=lL H =Ty—1
0 ifqg#1,

and the norms |nl|a, |1 |2 are taken with respect to the usual measure dt. The sum
>, s a sum over all non-trivial zeros p of L(s, x).

Proof. We start just as in the proof of Lem. [6.1] except we shift the integral only
up to R(s) = 1/5 in the central interval, and push it up to (s) = —1/2 only in
the tails:

ZA Je(dn/x)n(n/x) = I=17(— x—ZG(;
(6.37) (5.3)
1 L'(s,x s
~9mi Jo L5 Gs(s)x®ds,

where I, = 1if ¢ > 1 and x(—1) = 1 and I, = 0 otherwise, and C' is the
contour consisting of

(1) asegment Cy = [1/5 —iH_,1/5+iH_], where H_. =Ty —1> H,
(2) the union Cy of two horizontal segments:

1 1 1 1
= |- —iH_,Z —iH_|U|—Z +iH_, > +iH_
Cs [2 iHo, o —1 ]U[ 2+z ,5—1—2 },
(3) the union Cj of two rays
1 1 1 1
I T Loy
Cs [2 100, —5 — i ]U[ 2+z , 2+zoo]

We can still use (6.3]) to estimate L' (s, x)/L(s, x) (given L'(1—s, x)/L(1—s, X))
We estimate 1(z) for R(z) > 4/5 much as in ([6.5): since [t? + 22| > 16/25 for ¢
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1 e tdt
—logz — — +92.0* =
Y(z) = log 2 5t @ (/0 16 (2t — 1))

—toga— L4 2. o*<(2}7)2r<2><<2>>

real,

= |-142——
2

s _ T
e’ +e 10

™ ™.
eﬁl _ e_ﬁl

_ (Cot (%)( < 3.07769.

(The inequality is clear for 7 > 0; the case 7 < 0 follows by symmetry.) Similarly,

cot <35 > ‘ < 0.32492.

For R(s) arbitrary and |7] = |S(s)| > H_,

cot

M‘_
2

N

us ™
‘ tws < 65H*+e__H*
cot —

2| — e%H*

H_
T coth FT‘ .

SE]

—e

We now must estimate L'(s,x)/L(s,x), where R(s) > 4/5 and |3(s)| < H_.
By a lemma of Landau’s (see, e.g., [MV07, Lemma 6.3], where the constants
are easily made explicit) based on the Borel-Carathéodory Lemma (as in [MVOQT,
Lemma 6.2]), any function f analytic and zero-free on a disc Csy g = {s : [s—s¢| <
R} of radius R > 0 around sq satisfies

Fs) . (2Rlog M/|f(s0)]
f(S)_O< (R P )

for all s with |s — so| < r, where 0 < r < R and M is the maximum of |f(2)|
on Csy r. We set so = 3/2 + i7 (where 7 = (s)), r = 1/2 +1/5 = 7/10, and
let R — 17, using the assumption that L(s,x) has no non-trivial zeroes off the
critical line with imaginary part < H_ + 1 = Tj.

‘We obtain
L'(s,x) <200 maxsec, 1|L(s,x)|>
6.38 == =0"| —1o o
( ) L(s,x) 9 & |L(s0, )|
Clearly,
|L(so, )| = [T(1+p72)" H L LB 46013
=L ; —3/2 BRSCE
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By partial summation, for s = o + it with 0 > 1/2 and any N € ZT,

L(s,x) = »_ x(m)n™ — (Z x(m)) (N+1)7°

n<N m<N

+ oy (Z x(m)) (n™* = (n+1)7")

n>N+1 \m<n

. N1-1/2 - . (3N JN
0 <1_1/2+N + M(q)N ):o (3 N + M(q)/ N),

where M(q) = max,

> m<n X(m)‘ We set N = M(q)/3, and obtain
|L(s,x)| < 2M(q)N~'* = 2v/3\/M(g).

We can afford to use the trivial bound M (q) < ¢q. We conclude that

L'(s,x) S 2v3y7 \ . (100 )
L(s,Xx) =© <81°g 4(3)/4(3/2)> =0 < 9 1gq+44.8596>,

Therefore, by ([6.3]) and (6.4]),

L'(s,x) L [ 145
m _log —log(l—s)+0 <192>
(6.39) +log2 + O* (5 cot 1—0> + O™ (41og g + 44.8596)

= —log(l —s) + O*(5log q + 52.2871)
for R(s) =1/5, |S(s)| < H_,

r 14
(5, log — —log(1—s)+0O" < 5>

L(s, x) 192
(6.40)
2

= —log(l —s) + O*(5log q + 49.1654).
for R(s) € [-1/2,1/5], 1 < |(s)| < H_, and (as in (6.7)

/
L(s,x) -
L(s, x)
Let 1 < j < 3. By Cauchy-Schwarz,

L[ LG q s
%L@@@Q”d

mH_
+log2+ O* <— coth T) + O* (41log q + 44.8596)

(6.41) —log(1 — s) + O*(log g + 5.2844).

is at most
1 L'(s 1
o | sl [ [ (Gsts)skast
27 Jo. | L(s,x) s 2m Je,
By (6.39) and (6.40),
L’ (s X \ds] 510gq \// |log |1 — S||+C2,j ds],
3\2

Where C1,1 = 5, C1,2 = 5, C1,3 = 1, C2,1 = 52.2871, C22 = 49.1654, C23 = 5.2844.
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J:

|log |1 — s|| + ¢z,
S

For j =1,

5logq
S

2
' lds| = (5log q)% - 10tan~! 5H_ < 1257 (log q)?,

2 He | Liog (72 4+ 16) 4 ¢,
|ds|§/ [ 108 ( - ) + 2l dr < 42949.3,
—H_ 2—5—|—T2

J-

where we have computed the last integral numerically. As before, G(s)s is the
Mellin transform of (6.9]). Hence

1 1 %—l—ioo
- 2 < _/“‘ 2
\/% [ 1Gstes s < oo 7 Gate)sl s

5

< \//OO |—2midte(dt)n(t) — te(5t)17’(t)|2 +-3/5 ¢
0

< 2ml6|[n(Ot 0|2 + ' (£)¢7 2.

Hence,
1 / L'(s,x)
— —=2Gs(s)ds
2T C1 L(S7X) ( )
is at most
(7.9057 log q + 82.678) - (2|8||n(t)t™/ 10y + |/ (£)t7/10)y).
For j =3,
logq‘2 2/"" |ds| _ 2(log ¢)*
ds| = 2(log q —_ <
/cg s | 19l =2(legq) —1/24im_ |5/ H_

log |1 — |2 o [Llog (72 + ) + ¢o|?
|Og| s||+c27.7 |ds|§2/ ‘2 g( 4) 27]‘ dT
S

o %4‘7’2

Js

2

dr

0o ‘logT—F 10%2 —i—clj‘
-

_ 2(log H_ + 6.71)2
< T .
provided that H_ > 3/2. Now, as in (6.10),

1
\/— (G (s)s[* ds| < 2ml8]Inlz + [/ |2-

2 Cs
Hence,
1 L'(s, x) logq+log H_ +6.71 ,
— | = ds| < (2715 '
2 /C1 L(s, ) (s)ds| < NG (2m[d][nl2 + |n'l2)
Lastly, for j = 2,
1 L'(s,x 141 )
27 Jo L((s X))"ds| < 2 - (log|1 — s + 0"(5log g + c2,2))
2 )

< 7(log H_ + 5log g + 49.51198)
- 107
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Lemma 6.8. Let n = ny be as in (6.33) for some H > 5. Let x € RT,
0 € R. Let x be a primitive character mod q, ¢ > 1. Assume that all non-
trivial zeros p of L(s,x) with |3(p)| < Ty satisfy R(s) = 1/2, where Ty >
H + max(472|5|, H/2,100).

Write Gs(s) for the Mellin transform of n(t)e(ot). Then

(To —H)?
> G )I<W1g (344 —01598(To—H) 4 () 3|5 % (r0)? )

p non-trivial
1S(p)[>To

Proof. Clearly,
S 1Gsl= Y. (1Gs(p) +1Gs(1 = p)]).

p non-trivial p non-trivial
1S(p)|>To S(p)>To

Let Fs be as in (619). Then, since 1 (t)e(5t) = hy(t)e */2e(6t), where hy is as
in (@I0), we see by (23] that
1 H
Ga(s) = — / Mh(ir)Fy(s — ir)dr,
2w _H
where Fj is as in (6.19)), and so, since |Mh(ir)| = |Mh(—ir)|,

1 . : :
(6.42) [G5(p)l+1Gs(1 = p)| < 5~ /H [Mh(ur)|(|F5 (p—ir) |4 | F5(1—(p—1r))|)dr-.
We now proceed much as in the proof of Lem. [6.4l By Prop. Bl given s =
p+ir,o€0,1], 7> 4r? - max(1,|d|),
|E5(p)| + [F5(1 = p)|
is at most
2 25

— [l . — mi (T 29 s
Core-e P () 7 +Crpe T Oy e min (s (75)" 5171 +Clealm,
where E(p) is as in (0.60]),

3/2\"™° 142

™

- w/2..1/2 3/2
Cy+ < min <‘T’> | | , C;ge T 1—1—27T 9] .
F’(S’ 2 1/‘7”

For 7 > Ty — H > 100,
©/2.1/2 3/2
1_|_1+\/§ T%_I_E/T/ 1+27T/ 9] o~ (3-0.4798) 7]
T 2 ,/‘7”

< 1.025)7|"? +1.5- 10712 |§] < 0.033|7]

and so
_ _m _
CI,T e 0.4798‘7’| + 07/_6 1 ‘7’| S 0033|T|e 0.4798|7" .

It is clear that this is increasing for |7| > 100.
We bound E(p) as in ([6.21]). Inequalities ([6.22)) and (6.23)) still hold. We also
see that, for |7| > Ty — H > max(472|d], 100),

0.055 - C,» < 0.055min (472, 2500/16) " < 0.0014.
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Thus,
CO,T,Z : €_E<%Z>-T + 0277_ . mm(l(i)z’g;‘ |>
< 4.226—0.1598min(%(%){w)’

and so |F5(p)| + |F5(1 — p)| < g(7), where

- in(2(=)? |7
g(T) = 4.22¢ 0.1598m1n(3(_ﬁ6) o ‘) +O.O33‘T’6_0'4798|T‘

is decreasing for 7 > Ty — H. Recall that, by (4.24]),

% /_Z Mg (ir)|dr < 1.99301\/%
Therefore, using (6.42]), we conclude that
Gs(p)| +1Gs(1 = p)| < f(7),
for p =0 447, 7 > 0, where
f(r) = 0.7951VH - g(r — H)

is decreasing for 7 > T (because g(7) is decreasing for 7 > Ty — H).
We apply Lemma [6.2] and get that

q 1
S (Gslp y</ AT < %+E>d:r

p non-trivial
1S(p)[>To

& 1 T 1
= 0.7951WH - | g(T — H) <— log & 4 —> dr.
To Y T

We continue as in the proof of Lemma [6.4] only the integrals are somewhat
simpler this time. For any ¢ > 0,

e 1 qT
o(T=H) ( —Jog 2= + — | dT
/TO ¢ <27r & on +4T>

(6.43) 1 T ] ) ]
qio —c(To—H
<27TC © 2m <27TC2 4c> 10> ‘

At the same time,

To
\5|1 qTo w|d]
o 5 log 5+ gy 2 (To—H)?
_ _2(—1)? (w6 gldlt 1 (2 o 4TO> — 2. (T
= [ e (s Gt 4 5 )< S T
71| 37 mld|

since Ty > 472e > 2e. For ¢q > 0, since

1
RS TENWE e ) P
2mcy P 2mc? 4y ’
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we see that

1+ - Iy 1 1
< cTo Th1 90 |, - —c1(To—H)
(6.44) - < 2me < 0708 or + c + 1c | €

We set ¢ = 0.1598, ¢; = 0.4798. Since Ty > max (100 + H,3H/2), the ratio of the
right side of ([6.44]) to the right side of (6.43)) is at most

2
max < ‘ ; c2> (To + ! > ~(e1—co)(To—H)

<=, <3(T0 —H)+ i) e~(eameo)(To—H) < 13.10712,
Cc1 C1

We also see that

1 1l 5=+
0.7951 - 4.22 2”0740 < 3.4303
<2 7 To log L+ T ) N
and, since Tp — H > 47|,
T 1,

( logqﬂ(') +ﬁ> 2+4Tolog2 qT(]
0.7951 - 4.22 - — <3.35533 - ———"log ——
dclo—H de-dr 27T

37 7|o] 3

qTo

< 0.62992log —
o

We conclude that

& 1 qT 1
7951 T—H)|—log—+ — | dIl
0.795 /TO g( )<2W +4T>d

(To—H)?

< 10g<]2_T0 ‘ <3‘44e—0.1598(To—H) +0.63|5e —0.1065°0 757 > ‘
™

O

Proposition 6.9. Let n = ny be as in (6.34) for some H > 50. Let x > 103,
0 € R. Let x be a primitive character mod q, ¢ > 1. Assume that all non-
trivial zeros p of L(s,x) with |3(p)| < Ty lie on the critical line, where Ty >
H + max(472|5|, H/2,100).

Then
(6. 45)

§ - e (—=8)x + O* (erry, 1 (6,x)) -z ifqg=1,
ZA < >77+( /%)= {O* (errn+7x((5,a;)) T ifqg>1,



74 H. A. HELFGOTT

where
(6.46)
(To—H)
err,, y(6,2) = VHlo q2— (3.446_0'1598(T°_H)+0.63|5| 01065 <6>2>

+O*(((0.641 + 1L.11VH) log ¢Ty + (1.5 + 19.1VH))\/Ty + 1.65log g + 44)z~ 3
o* <|5|(40.2log q + 420) + VH(0.015log Ty + 15.6log q + 163)> .

Proof. We apply Lemmas [6.7, Lemma [6.3] and Lemma[6.8. We bound the norms
involving 74 using the estimates in §4.2.21 The error terms in (6.36]) total at most

((7.911og g + 82.7)(5.074/6| + 1.953VH)) - '/

(6.47) +(0.231log T + 1.121og ¢ + 11.04)zY° - max |Gs(c +i(T — 1))
' o€l-5.4]

+(0.05log q + 0.542)(4.027|8] + 0.876v H)z~ /2
Since z > 103, the last line of ([6.47)) is easily absorbed into the first line of (6.47))

(by a change in the last significant digits). Much as in the proof of Lem. [6.8 we
bound

o0

. 1 . .
|Gs(o +i(T —1))| < . / | M b (ir)|dr - max |Fs(o + i7)|

—00

<0.3172VH max |Es(o + 7)),

where Fj is as in (6.19). We can obtain an easy bound for Fj applicable for o
arbitrary as follows:

—sFs(s) =M <t% < ‘je(dt)>> (s)=M ((—t2e(5t) + 2mibte(6t))neo (t)) (s),

and so

|sFs(s)| < / |t + 27mdi|ne (t)t +1? < |no 71 + 27|6||no ()7 |1
0

_ 90/2 o c+1
2 r(2+1>+2 ﬂa]r( )

Since o € [~1/2,1/5] and > 10, a quick verification gives that 2727/2T'(o/2+1)
and £72+D/27|5| . T((0 4 1)/2) are maximal when o = 1/5. Hence
- _ 1.01964 4 7.09119|0 1.01964 + 7.09119|0
|Fs(s)|2” < e S D a
|s] 105 Mmax(472]0],100)

< (0.0103 4 0.18144)z'/> < 0.191742/°,

and so
1Gs(o +i(T —1))| < 0.3172VH - 0.19174 < 0.061V H.
We conclude that (6.47) is at most

(5.075]6] + 1.954VH) - (7.911og q + 82.7) - 2/°
(6.48)  +0.061VH - (0.23log T + 1.121log ¢ + 11.04) - z/°
< (16](40.210g ¢ + 420) + VH(0.0151log T' + 15.6 log ¢ + 163))z/°.
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Finally, let us prove a simple result that will allow us to compute a key /¢
norm.

Proposition 6.10. Let n = ny be as in (6.34), H > 50. Let x > 10°. Assume
that all non-trivial zeros p of the Riemann zeta function ((s) with |3(p)| < Ty lie
on the critical line, where Ty > 2H + max(H, 100).

Then

(6.49) Z )(logn)n? (n/z) = = - /0 n3.(t)log xt dt + O*(erry, ., ) - v log z,

where

log Tp)?
errpy g, = <0.311%

+ (6.2VH +5.3)\/Tplog Ty - '/ + 419.3V Ha %>,

Proof. We will need to consider two smoothing functions, namely, 14 o(t) =
n4+(t)? and ny 1 = ny(t)*logt. Clearly,

S Aw)(log )i (n/z) = (log ) >~ Al n+on/x+ZA 4.1 (n/2).
n=1

n=1

Since 14 (t) = hy (t)e /2,

e0(r) = W3 (t)e ™, 4,1 (r) = W3 () (log t)e ™

Let ny,2 = (log z)n+,0 + 14,1
The Mellin transform of e~*" is I'(s/2)/2; by (Z35)), this implies that the Mellin
transform of (logt)e™* is I” (3/2 /4. Hence, by (Z3)),

+0.224log T0> H+/Tye ™(To—2H)/4
(6.50)

(6.51) My (s / Mn2,(ir) (S ;”) dr,

where

(6.52) Fu(s) = (log 2)T(s) + %F'(s).
Moreover,

(6.53) MR, (ir) = / Mhg (i) Mg (i(r — u))du,

and so Mh?(ir) is supported on [—2H,2H]. We also see that |Mh3,(ir)]; <
|Mhy (ir)|? /2m. We know that |Mhy(ir)|3 /27 < 1.993012H by ([@24).
Hence

(6.54)
1 [e.e]
Mipeao) < 3= [ M)l - mage [Fu((s = i7)/2)
1.993012
< ﬂH max |F,((s —ir)/2)] <0.3161H - max |F((s —ir)/2)].
4m r|<2H |r|<2
By JOLBCI0, 5.6.9] (Stirling with explicit constants),
(6.55) IT(s)| < v2r|s|™e)=1/2=7IS($)I/21/612]
and so

6.56 [(s)| < 2.511/[S(s)[e™ISGI/2
(6.56) IT(s)| !
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for s € C with —1 < R(s) < 1 and |3(s)| > 99. Moreover, by [OLBC10, 5.11.2]
and the remarks at the beginning of [OLBCI0l 5.11(ii)],

'(s) 1 1
I'(s) = logs 2s +0 <cos30/2>

for |arg(s)| < @ (0 € (—m,7)). Again, s = 0 4+ iT with —1 < o <1 and || > 99,
this gives us
I'(s)
L'(s)

Hence, under the same conditions on s,

= log |7| + O*(3.02).

1

|F(s)| < ((logx) 4+ =log || + 1.51)T'(s)
2

(6.57) :

< 2.511((log z) + 5 log | 7| + 1.51)+/|7|e~ 77172,

Thus, by (6.54),

1
(6.58) [ Mr4.2(p)| < 0.7938H((log z) + 5 log |7| + 1.17) |;—| — Hem(rI=2H)/4

for p=oc+ir with |[7]| >Ty—1>2H +99 and —1 <o < 1.
We now apply Lemma with 7 =142, 6§ = 0 and x trivial. We obtain that
(6.50)

ZA n)ny2(n/x)
:</ 1 00) 50 (27 07)
p
<7logT° +11. 04) max Moy 2(0 +i(To — 1)) -2
o€l-3,3]

lOgTO + 6 71 / _1/2
T
( N 1522

Since 74 2 = (log xt)m_, we can bound

7y o (0t 10y < 20407, (log at)t™/ 1)y + [}t~/
< 2(|n4 |oo 1og @ + 14 (£) 10g too) 0y /102 + [ny oo mt 210
< 2(1.26499 log x + 0.43088) - 1.95201v H + 1.26499 - 0.66241
< 4.93855v/H log = + 1.68217v H + 0.83795

by (£31)), ([4.32), (£22]) and (4.19]), using the assumption H > 50. Similarly,

0 2l2 < 2(|n4 oo log @ + [0+ () 1og tloo ) [0 2 + |14 0]+ |2
< 2(1.26499 log z + 0.43088) - 0.87531V H + 1.26499 - 0.80075
< 2.21452V H log = + 0.75431V H + 1.01295
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by @32), (E21) and @I9). Hence, since H > 50 and z > 109,

log Ty + 6.71
m(To — 1)

< (408.5V'H log x + 139.2V H + 69.3)z/°

+ (1.07VHlog z + 0.363V H + 0.487)2~ /2 < 419.29v Hz/? log .

We bound M, 2 by (6.58):
(6.60)

7 log T(]
107

82-7|773r,2(t)t7/10|2x1/5 + I oo - 2~ (1/241/5)

+ 11.04) My a(o +i(Ty — 1))

1 T
< (0.17691og Tp + 8.7628) (log z +  log Ty + 1.17) H / 70 — Hem(To-1-2H)/4
Since Ty < 3(Ty — 2H), H <Ty/3 and Ty — 2H > 100, this gives us that
<7log To

ot 11.04> | Mnyo(o +i(Ty — 1)) <3.54-10"* logx + 1.542 - 1072
Y

<5-107"log
for —1 <o <1 and z > 10%. Thus, the error terms in (6.59) total at most

419.3VHz'/® log x.

It is time to bound the contribution of the zeros. The contribution of the zeros
up to Ty gets bounded by Lemma [6.3}

> IMn2(p)| < (Ins2l2 + 042 - log |2)v/To log Ty

p non-trivial
[S(p)|<To

+17.21|n4 2 - log |o/To + 34.5 (M(t)/\/i‘l
Since 742 = (log xt)ni, we bound the norms here as follows:

74212 < (In+]00 log z + [0y - 10g |0 ) 17+ ]2
< 1.014log z + 0.346 < 1.041og =z,
n4,2 -1og 2 < (|74 |oc log z + 0y - 10g [o0) |1+ - log |2
< (1.404log z + 0.479)VH < 1.44V'H log z,

142/ V1 < (|14 ]oo log & + |04 - 1og |oo) 4/ VT
<1.679logz 4 0.572 < 1.721 log x,

where we use the bounds |14|o < 1.265, |04 - log | < 0.431, |n4]e < 0.8008,

Iny -log o < 1.1096v H, |n(t)/v/t)1 < 1.3267 from @31), @E32) and @I7) (with
H > 50) and ([@26). (We also use the assumption > 10°.) Since T > 200, this

means that

> IMnya(p)| < (62VH +5.3)y/Tylog Ty log .
p non-trivial
1S(p)[<To
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To bound the contribution of the zeros beyond Tj, we apply Lemma [6.2] and
get that

1 T 1
. < — + —
(6 61) p nonz—t;ivial ‘MTH_ Y ’ / f < > 2 ! 4T> dT7
1S(p)|>To
where

F(T) =1.5876H - ((logz) + log 7| 4+ 1.17)4/ ’2‘ —r(|r|—2H) /4

(see ([6.58)). Since T' > Ty > 200, we know that ((1/27)log(T/27) + 1/4T) >
0.216log T'. In general,

[oe} 4 T
VT (log T)?e~™/4dT < = <\/T0(logT0)2 2/m (log €2Tp)? > 4TO,
To ™ \/_
° 4 / Ty
VT (logT e ™qr < = <\/T log T —|——10ge2T>e_T,
T ( ) T 0( 0) \/,.ZT() 0
& 4 2/m Ty
VTe ™ = = <\/T0 > e 1
/Tg m vTy

for Ty > 200, the quantities on the right are at most 1.281 - /Tp(log T0)2e_7rT0/4,
1.279v/To(log Tp)e~""0/4, and 1.278\/Tpe ™10/ respectively. Thus, (G61) gives
us that

3 [Mnia(p)] < 1.281-(0.2161og Ty) - £(To)
p non-trivial
1S(p) [>T
< (0.311(log Ty)? + 0.224(log z) (log Ty ) ) H /Toe~™To=2H)/4,

O

6.4. A verification of zeros and its consequences. David Platt verified in
his doctoral thesis [Plall], that, for every primitive character x of conductor
q < 10°, all the non-trivial zeroes of L(s,x) with imaginary part < 108 /¢ lie on
the critical line, i.e., have real part exactly 1/2. (We call this a GRH verification
up to 10%/q.)

In work undertaken in coordination with the present project [Plabl, Platt has
extended this computations to

e all odd ¢ < 3-10°, with T, = 108/q,
e all even ¢ < 4-10°, with T, = max(10%/¢,200 + 7.5 - 107 /q).

The method used was rigorous; its implementation uses interval arithmetic.

Let us see what this verification gives when used as an input to Cor. and
Prop. Since we intend to apply these results to the estimation of ([8.36]), our
main goal is to bound

(6.62) B rso = max V4 - | erry (0, 7))
x mod q

q<gcd(q,2)r
6] <gcd(g,2)d07/2q
for n = 1, and = n,. In the case of ., we will be able to assume = > z, = 10%.
In the case of 7., we will prefer to work with a smaller x; thus, we make only the
assumption z > x_ = 10%0. Since we will use Platt’s input, we set 7 = 150000.
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(Note that Platt’s calculations really allow us to go up to r = 200000.) We also
set 6y = 8.

In general,
g <ged(q,2) -r<2r \5\<L
- ’ - ~ q/gcd(q,2)
To work with Cor. [6.6], we set
. 107
o 50
q/ ged(q,2)
Thus
5-107 1000
Ty > = —
0= 150000 3 °
To 5- 107 1000
> —
w0 —  4dmr 127 = 26.525823.
and so

_ T8
3.5. ¢ 01598T0 4 0074 ¢ 10 @7 < 257510723,

Since there are no primitive characters of modulus 2, 4,/¢ < 4r. Examining

([633)), we obtain
108 10®
V- erry, < \/,log— 2.575-107%

+ (1.22\/ 108 log 10® 4 5.056V 108 + 1.423+/300000 log 300000 + 38.19v 300000)

1y _
-2_27° 4 (log 300000 + 6.01) - (0.89v/300000 + 2.7 - 4 - 300000) - z~*/>

< 4.743-107" 4+ 3.0604 - 107® + 6.035 - 10732 = 3.061 - 10~5.

To work with Prop. 6.9 we set

3.75 - 107
To=H+-—-—"""—_  H=200.
q/ gcd(q,2)
Thus
3.75 - 107
Ty—H>2" "~ _9
0 = 7150000 50,
To—H _ 3.75-10"7 750
> = 19.89436 .
i Arr T 121
and also
qTo <2r-H+7.5-107 < 1.35-108.
Hence
—0.1065. (To=1)?

3.44 - \/2re 01998(To—H) 4 ()63 . 4y . ¢ C9? < 1.953.10718,
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Examining (6.40]), we get

V- erry, y(6,2) < /200 - log (1.35 - 10%) - 1.953 - 1071

N

+ ((16.339 -log (1.35 - 10%) + 271.62)V/1.35 - 10 + 64.81 - @) o

4

+ (37087 + V2007 - 360.01) -z, °
< 5.1707 107" +2.1331 - 1078 + 3.5219 - 10~ < 2.139 - 1078,

We record our final conclusions: for £, , 5, defined as in (6.62) and r = 150000,
(6.63) By <3.061-107% B, ,.5<2139-107%

where we assume z > z_ = 1026 when bounding E,, ,s and x > x4 = 1029 when
bounding E;), ,s.

Let us optimize things a little more carefully for the trivial character xr. We
will make the stronger assumption x > z; = 4.5-10%°. We wish to bound ET,. 4,
where

ET, s = max |erry . (5, z)|.
S

|6]<
We will go up to a height Ty = H + 6000007 - t, where H = 200 and ¢ > 10. Then

To— H S 200 + 6000007t -
T 47 -

Hence

(T —H)?
3. 44e=01598(T— )y g3[g]e " 0% Tt < 101300000 4 15600001065

Looking at (£.46), we get
T
ETT?+74T’ < /200 ]Og 2_0 . (10_1300000 + 3780006—0.1065t2)
s

+0° ((16.339 log Ty + 271.615)/Tp + 44) L]

+ O (2.52 -10° + v/200(0.015 log Ty + 163)) A

We choose t = 20; this gives Ty < 3.77-107, which is certainly within the checked
range. We obtain

(6.64) ET,, 4 <5.122-107°.

for r = 150000 and x > z1 = 4.5 - 1072,

Lastly, let us look at the sum estimated in (6.49]). Here it will be enough
to go up to just Tp = 3H = 600. We make, again, the strong assumption
x> x =4.5-10%. We look at (6.50) and obtain

(log 600)?

log x4
+ (6.2v/200 + 5.3)v/600 1og 600 - 27 /2 + 419.3v/200z; */°

<48-107% +217-107" +1.13-1072° < 2.2-107 11,

erry, ;, < (0.311 +0.224log 600> - 200 - v/600e 0"

(6.65)
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It remains only to estimate the integral in ([6.49]). First of all,
o0 [ee]
/ n3 (t) log xt dt = / n?(t) log t dt
0 0
o0

2 f " (e (8) — () (£) log t d + |00 = a0 1ot .
0 0

The main term will be given by
[e.e]
/ nz(t)log zt dt = (0.64020599736635 + O (10~'*)) logx
0

— 0.021094778698867 + O (1071 ,

where the integrals were computed rigorously using VNODE-LP [Ned06]. (The
integral f n2(t)dt can also be computed symbolically.) By Cauchy-Schwarz and
the triangle mequahty,

/0 (N4-(t) = no(t))no(t) log 2t dt < [y — nol2|no(t) log at|o

< ny — nol2(|nol2log x 4 [ns - log [2)
_ 54756
- H7/2 (

< 3.873-107% - logx +2.214 - 1077,

0.80013 log = + 0.04574)

where we are using (£14) and evaluate |1, - log |2 rigorously as above. (We are
also using the assumption z > x1 to bound 1/logz.) By (dI4]) and (415,

/Ooo(n+(t) — 1o(t))? log zt dt < 527#'/526 log x + 48;%
< 4.8398 -107% - logz +4.25 - 107°.
We conclude that
(6.66)
/Oooni(t) log xt dt
= (0.640206 + O*(1.2589 - 107°)) log 2 — 0.0210948 + O*(8.7042 - 10~°)

We add to this the error term 2.2-107'! log z from (6.65]), and simplify using the
assumption x > 1. We obtain:

(6.67) Z A(n)(logn)n? (n/x) = (0.6402 + O*(2-107°))z log z — 0.0211z.

7. THE INTEGRAL OF THE TRIPLE PRODUCT OVER THE MINOR ARCS

7.1. The Ly norm over arcs: variations on the large sieve for primes.
We are trying to estimate an integral fR Iz |S(a)|*da.  Rather than bound it
by [S|e|S|3, we can use the fact that large (“major”) values of S(a) have to
be multiplied only by [, |S(a)|?der, where 91 is a union (small in measure) of
minor arcs. Now, can we give an upper bound for [, |S(a)|?da better than
IS = [, 1S(a)Pda?

The first version of [Hel|] gave an estimate on that integral using a technique due
to Heath-Brown, which in turn rests on an inequality of Montgomery’s ([Mon71),
(3.9)]; see also, e.g., IKO4, Lem. 7.15]). The technique was communicated by
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Heath-Brown to the present author, who communicated it to Tao ([Taol Lem. 4.6]
and adjoining comments). We will be able to do better than that estimate here.

The role played by Montgomery’s inequality in Heath-Brown’s method is played
here by a result of Ramaré’s ([Ram09, Thm. 2.1]; see also [Ram09, Thm. 5.2]).
The following Proposition is based on Ramaré’s result, or rather on one possible
proof of it. Instead of using the result as stated in [Ram09], we will actually be
using elements of the proof of [Bom74, Thm. 7A], credited to Selberg. Simply
integrating Ramaré’s inequality would give a non-trivial if slightly worse bound.

Proposition 7.1. Let {a,}52,, a, € C, be supported on the primes. Assume
that {a,} is in L1 N Lo and that a, =0 forn < \/z. Let Qo > 1, dg > 1 be such

that oQ32 < x/2; set Q = \/x/200 > Q. Let

a for a 50r>
7.1 M = 2o AN
@y Uy< w1 w
(a,q)=

Let S(a) =), ane(an) for « € R/Z. Then

2 QO/SQ 2
|1t aa < (%m/ G (Q/sa) )Z’ anl

where

(7.2) GyR) = wAr)

Proof. By (T,

Qo

(7.3) / S(a)? da =Y /5;@0 >

q<Qo gz a modgq

> anx(n)

n

2
1 N *
RCIE A
q*lq x mod g*
(a,9)=1 (q¢*,q9/q* )

w2(a/q%)
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for every ¢ < \/x, where we use the assumption that n is prime and > /x (and
thus coprime to ¢) when a,, # 0. Hence

2
/ 1S(a) > dov = 50% Zan e(an)x da
9<Qo  q¢*lq
(a%,9/q*)=1
12 (q/q*)=1
¢ w0 [FE i
- S S e S| w
7*<Qo r<Qo/q* *re x modg* | m
(r,g*)=1
* 52*%0 2(7") " 2
= Z 4 - / Z K Z Zane(an)x(n) dov
= oq*) J-20% (r) .
7" <Qo TE <=l mln(l,%) x modg | n
(rg*)=1
Here |a| < 60Qo/q*x implies (Qo/q)do/|e|z > 1. Therefore,
Gg+(Qo/sq")
7.4 S« 2da§<max max ——~¥171 7 - X,
(7.4) /5m| (@) 7*<Qo s<Qo/q* Gq*(Q/Sq*)
where
Q0 2(1) . 2
Z /5 Z 'L;(r) Z Zane(an)x(n) da
7"<Q a q*z T<Qm1n<1 %0 ) x modg~ | n
7(1* 7‘a‘x
(r,g*)=1
5 2

B SR WG
=), o) /%Q
(rq)=1

As stated in the proof of [Bom74, Thm. 7TA],

E ane(an)x

n

T
q oy

Y(T)X(n)T(Y)CT (n) = Z Y(b)€2ﬂ—2nq—’r
b=1
(bgr)=1
for x primitive of modulus ¢. Here ¢,(n) stands for the Ramanujan sum

Z e27rnu/r )

u mod r
(u,r)=1

For n coprime to r, ¢,(n) = p(r). Since x is primitive, |7(X)| = /q. Hence, for
r < \/x coprime to g,

2

1| anelan)x(n)
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Thus
2
) [ | b
Y= X(b — d
2 2 <25(7‘q)/_60@ 2 | xS <q7’> )
9<Q r<Q/q grz x modg | b=1
(r,q)=1 (bygr)=1
2
50Q q
1 /qw b
<y — > xS (-) da
q<Q (b(Q) _6quxmodq b=1 q
(b,q)=1
50Q 9

¢<Q’ " e b:l
(b,q)=

Let us now check that the intervals (b/q — 60Q/qx,b/q+ 60Q/qzx) do not overlap.

Since @ = \/x/20¢, we see that doQ/qr = 1/2¢Q. The difference between two
distinct fractions b/q, b/ /q" is at least 1/qq’. For ¢, < Q, 1/q¢" > 1/2¢qQ +
1/2Qq’. Hence the intervals around b/q and /¢’ do not overlap. We conclude

that
2</ 5<9>2—Z|a 2
= Josz p 8 nl

and so, by (.4]), we are done. O

\/

We will actually use Prop. [[.1]in the slightly modified form given by the fol-
lowing statement.

Proposition 7.2. Let {a,}52,, a, € C, be supported on the primes. Assume
that {ay} is in L1 N Ly and that a, =0 for n < \/x. Let Qo > 1, dp > 1 be such
that 50Q3 < x/2; set Q = \/x/200 > Qo. Let M =My, g, be as in [F5).

Let S(a) =), ane(an) for o € R/Z. Then

2QQ/Sq 9
S(a)?da < | max max
/93?50,@0‘ (@) T | 9=2Q0 s<2Qu/q G 2Q/3q Z‘ nl™s

q even
where
2
pe(r)

7.5 G,(R) =

(rg)=1
Proof. By (8.3,

50Qo 2

/\S \da—Z/éq; 3 S(g—i—a) da

q<Qo " 2qz a modgq

q odd (a,q9)=1
%0@Q0 a 2
c X o S fs(%a) aa
q<Qo gz  a modgq

q even (a q) 1
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We proceed as in the proof of Prop.[ZIl We still have (Z.3). Hence [y, |.S( ? d

equals
5090 9 . 2
Z;? ¢ / . Z 5 /;((:)) z; * En:ane(om)x(n) do
r<—0 min( 1,52 X modgq
¢ odd 72 min (1, 318 )
(r2g*)=1
30Q0 9 . 2
+ Z /%QO Z 'L;((:)) Z Zane(an)x(n) da.
?1<Oi§n <720 min(1g0; ) xmodd®

(The sum with ¢ odd and r even is equal to the first sum; hence the factor of 2
in front.) Therefore,

/|S(04)|2d04§ max max 220 (Qo/54)
m

Z2g A\ %01 /| 9%
7*<Qo s<Qo/q* G2q (Q/Sq ) !
q* odd
(7.6)
G (2Q0/5q")
4+ | max max ————= 3o,
7*<2Q0 s<2Qo/q* G+ (2Q/5q*) ?
q* even
where
2
mey Loy Al C S | ety do
q<Q r<Q/q 2qrzxmodq n
q odd (r,2¢9)=1
2
B Iu q'rz *
Z Z o Z Zane(an)x(n) dov.
q<Q r<2Q/ grz x modgq|
q odd (r,q)=1
T even
2
/I/ q'rz *
I I B i) S CO NI
q<2Q r<2Q/q qre X modg | n
q even (r,q)=1

The two expressions within parentheses in (7.6]) are actually equal
Much as before, using [Bom74, Thm. 7A], we obtain that

5pQ

1 2qx 1 b 2
21<) ) > S<—> da,
q<@Q ¢(q) _% b=1 q
q odd (b,q)=1
1 b\ |?
Y142 < Z —/ Z ‘S <—> do.
jo20 90 )2 o q
q even (b,9)=1

Let us now check that the intervals of integration (b/q —00Q/2qx,b/q+ doQ/2qx)
(for ¢ odd), (b/q — 60Q/qx,b/q + 00Q/qx) (for q even) do not overlap. Recall
that 9oQ/qx = 1/2¢@Q. The absolute value of the difference between two distinct

fractions b/q, b/ /¢’ is at least 1/qq’. For q,q¢' < @ odd, this is larger than 1/4¢Q +
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1/4Qq’, and so the intervals do not overlap. For ¢ < @ odd and ¢’ < 2Q even (or
vice versa), 1/qq" > 1/4qQ + 1/2Qq’, and so, again the intervals do not overlap.
If g < Q and ¢ < Q are both even, then |b/q —b'/q'| is actually > 2/qq’. Clearly,
2/qq' > 1/2qQ + 1/2Qq’, and so again there is no overlap. We conclude that

b 2
214+ % S/ S<—> = an|?.
s 1SS Zn:\ |

7.2. Bounding the quotient in the large sieve for primes. The estimate
given by Proposition [T.I] involves the quotient

(7.7) max max M,

9<Qo s<Qu/q G¢(Q/5q)
where Gy is as in ([Z.2]). The appearance of such a quotient (at least for s = 1) is
typical of Ramaré’s version of the large sieve for primes; see, e.g., [Ram09]. We
will see how to bound such a quotient in a way that is essentially optimal, not
just asymptotically, but also in the ranges that are most relevant to us. (This
includes, for example, Qo ~ 10%, @ ~ 10%.)

As the present work shows, Ramaré’s work gives bounds that are, in some
contexts, better than those of other large sieves for primes by a constant factor
(approaching e? = 1.78107...). Thus, giving a fully explicit and nearly optimal
bound for (7)) is a task of clear general relevance, besides being needed for our
main goal.

We will obtain bounds for G(Qo/sq)/G4(Q/sq) when Qo < 210, Q > Q3.
As we shall see, our bounds will be best when s = ¢ = 1 — or, sometimes, when
s =1 and g = 2 instead.

Write G(R) for G1(R) =}, u 2(r)/¢(r). We will need several estimates for
G4(R) and G(R). As stated in [Ram95, Lemma 3.4],

O

(7.8) G(R) < log R + 1.4709
for R > 1. By [MV73| Lem. 7],
(7.9) G(R) > log R+ 1.07

for R > 6. There is also the trivial bound

o(r) r p
r<R r<R r
(7.10) o 4 X
p2(
D ILE)) IR e
r<R plr j=>1 r<R

The following bound, also well-known and easy,

q
7.11 G(R) < —G,(R) < G(Rg),
can be obtained by multiplying Gq¢(R) = > , <g.(q)= p2(r)/é(r) term-by-term

by q/é(q) = I1,1,(1 +1/¢(p)).

We will also use Ramaré’s estimate from [Ram95, Lem. 3.4]:

(7.12)  Ga(R) = @

!
log R+ cp+ > —o0 | + 0" (7284R7 11 (a))
pld
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for all d € Z™ and all R > 1, where

—1
1/3 4 ,2/3
(7.13) @ =TJa+p 22 1+ pp”
oid pp—1)
and
1
(7.14) =7+ —2P 13325822

pp—1)

by [RS62, (2.11)].
If R > 182, then

(7.15) log R+ 1.312 < G(R) < log R + 1.354,

where the upper bound is valid for R > 120. This is true by (ZI2)) for R > 4-107;
we check (ZI5) for 120 < R < 4 - 107 by a numerical computation[ld Similarly,
for R > 200,
log R + 1.661 < log R + 1.698
2 - 2

by (Z12) for R > 1.6-10%, and by a numerical computation for 200 < R < 1.6-10%.

Write p = (log Qo)/(log Q) < 1. We obtain immediately from (7.16]) that
G2(Qo) < log Qo + 1.661
G2(Q) ~ log@ +1.698

(7.16) < G2(R)

(7.17)

for Q, Qo > 200.

Let us start by giving an easy bound, off from the truth by a factor of about
e7 (like some other versions of the large sieve). First, we need a simple explicit
lemma.

Lemma 7.3. Let m>1, g > 1. Then
(7.18) I1 %1 < ¢ (log(m + log ) + 0.65771).

plgvp<m

Proof. Let & =] p. Then, by [RS75] (5.1)],

p<mVplq

P < q [ p=qe>rsn'8? < geltteom,
p<m
where g = 0.001102. Now, by [RS62, (3.42)],
N log log 1 + 2.50637 2.50637
o(n) — loglogn — loglog x
for all x > n > 27. Hence, if ge™ < 27,

% <eée <log((1 + €g)m +log q) +

<ev (log(m +logq) + e+

2.50637
log(m + log q) )

2.50637 /¢

log(m + log q)> '

Thus (7.I8]) holds when m + log ¢ > 8.53, since then ¢y + (2.50637/¢Y)/log(m +

log q) < 0.65771. We verify all choices of m,q > 1 with m + log ¢ < 8.53 compu-
tationally; the worst case is that of m = 1, ¢ = 6, which give the value 0.65771

in (ZI8]). O

10Using D. Platt’s implementation [Plall] of double-precision interval arithmetic based on
Lambov’s [Lam08] ideas.
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Here is the promised easy bound.

Lemma 7.4. Let Qp > 1, Q > 182Qq. Let ¢ < Qo, s < Qo/q, q an integer.
Then

Q
( Jsq) = log & + 1.31 T o log g +131

Proof. Let & =]

p<Qo/sqVplg P Then
Gq(Qu/359)G»(Q/Qo) < G4(Q/sq)
and so
Cyl@ufsa) _ 1
G4(Q/sq) ~ G»(Q/Qo)
Now the lower bound in (Z.IT]) gives us that, for d = &, R = Q/Qo,

ax@ie = "2 awsan)

(7.19)

By Lem. [(.3]
i = (s (5 +ose) o6
(P <e’|log 5q +logq | +0.658 | .

Hence, using (9)), we get that

(7.20) Gq(Qo/sa) _ 2/9(2) _ e’ log (?j—; + log q) + 1.172,
Go(Q/s9) = G(Q/Qo) = log & +1.31

since QQ/Qo > 120. Since

<@—|—logq> :—Q—02+1=1<1—@>_0
5q 5q q q

the rightmost expression of (Z.20)) is maximal for ¢ = 1. O

We will use Lemma [7.4] when Q¢ > 2 - 10'°, since then the numerical bounds
we will derive are not available. As we will now see, we can also use Lemma [7.4]

to obtain a bound that is useful when sq is large compared to gy, even when
Qo < 2-10'9.

Lemma 7.5. Let Qg > 1, Q > 200Qo. Let ¢ < Qo, s < Qo/q, q an even integer.
Let p = (log Qo)/log Q < 2/3. If

%<11617 Q" ~logq,

then

G4(2Q0/sq) < log Qo + 1.698

Gq(2Q/sq) —  log@

Proof. Apply Lemma [7.4l By (7.20), we see that (7.2I]) will hold provided that

(7.21)

Q
2 log = +1.31
e’ log (% + log q) +1.172 < %T - (log Qo + 1.698)

(log Qo +1.698) (log Qo — 1.31)
log @

(7.22)
< log Qo + 1.698 —
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Since p = (log Qo)/ log Q,

(log Qo + 1.698)(log Qo — 1.31)
log @

= log Qo + 1.698 — p(log Qg — 1.31) —

> (1 —p)log Qo + 1.698 + 1.31p — 1.698p,
and so (C.22]) will hold provided that

log Qo + 1.698 —

1.698(log Qg — 1.31)
log Q

2
e’ log (ﬁ + logq) +1.172 < (1 — p)log Qo + 1.698 + 1.31p — 1.698p.
59
For all p € [0,2/3],
2
1.698 + 1.31p — 1.698p — 1.172 > 0.526 — 50.388 > 0.267.

Hence it is enough that

siqo —|—logq < e “7((1—p) log Qo+0.267) _ —c- Q(l ple 7
where ¢ = exp(exp(—7y) - 0.153) = 1.16172.... O

Proposition 7.6. Let Qp > 10°, Q > 200Qq. Let p = (logQqp)/log Q. Assume
p < p1 = 0.55. Then, for every even and positive q < 2Qy and every s €

[17 2Q0/Q]7

(7.23)

G4(2Q0/3q) o log Qo +1.698
G4(2Q/sq) — log@Q

Proof. Define erry g so that

(7.24) G,(R) = %

lo
log R+cp + Z % +errgR.
plg

By ([ZII) and (TI6), G4(2Q/sq9) > (#(q)/q)(log2Q/sq + 1.661). Hence, (T23])
will hold when

(7.25)

2 1
log 2Qo +cg + Z LI 29, < (log2Q/sq + 1.661)
= plg olg) o7

We know that log sq > log 2. The right side of (Z.25)) equals
log Qo + 1.698

log Qo + 1.698
log Q '

log Qo + 1.698 — (log 4 2 — 1.661)

log Q
Note that
logQo+1.698 _  1.698 _ ( 1.698>
log Q P logQ log Qo)

Thus, (7.25) will be true provided that
1.698
log 5q — p <1 n —> (log 24— 1.661) + (1.698 — cx)

log Qo 2
logp q
> E err 2Qq

q7 Sq
plg
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Moreover, if this is true for p = p1, it is true for all p < p;. Thus, it is enough to
check that

1.
log 8¢ — p1 (1 4 098 >(10g % — 1.661) + 0.365

IOg QO,min
log p q
> + ——err 2,
Zq: p ¢(Q) @ Sqo

where Qo.min = 10°. Since Qo,min = 10° and p1 < 0.87, we know that pi(1 +
1.698/log Qomin) < 1.1475p; < 1. Now all that remains to do is to take the
maximum mg gr,1 of erry g over all R satisfying

(7.27) R > 1.1617 - max(Rq, Qo.min) ' 7V¢ " —logq

(since all smaller R are covered by Lemma [T.5]) and verify that

(7.26)

(7.28) Mg,r1 < @ﬁ(q)

for
K(q) = (1 — 1.1475p1) log q + 2.70135p; + 0.365 — » _ logp.
pla P
(Values of s larger than 1 make the conditions stricter and the conclusions weaker,
thus making the task only easier.)
Ramaré’s bound (T12]) implies that

erryp < 7.284R™Y3 f1(q),
with fi(¢) as in (ZI3]). This is enough when

3
(7.29) R>Ag) = (@%ﬁ@) .

The first question is: for which ¢ does (Z.27) imply (7.29)7 It is easy to see
that (Z.27) implies

RI-0=p)e™ 5 1 1617¢(1—P1)e ™ —

1 _

and so, assuming 1.1617¢(*=21)¢"" —log g > 0, we get that R > w(q), where
(7.30)

o
1—(1—pp)e= 7

log ¢
1
(1.1617¢(=P1)e™" —log q) T-(—p0e 7

w(q) = | 1.1617¢1—P)e —

Thus, if w(q) is greater than the quantity A(q) given in (7.29), we are done.
Now, (p/(p — 1)) - fi(p) and p — (logp)/p are decreasing functions of p for
p > 3. Hence, for even ¢ < HpSpo P, Po & prime,

(7.31) k(q) > (1 1.1475p1) log g + 2.271 — losp
P<Ppo p

and

(7.32)

3
o)< [T 2 7284 ey, 1P) |
= p—1 (1—1.1475p,)log q + 2.70135p; + 0.365 — S _ losp

p<po p<po p
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For instance, since p; = 0.55,

3
51.273 _
(0.3688 10gq+0.3414> for ¢ <[] <o3p = 223092870,

3
M) < (oo for ¢ < [Tyea p = 6469693230,
3
(rams s ) for a < [Tea p = 200560490130,

Since ¢ — 1.1617¢"1=P1)¢™" _ log q is increasing for ¢ > 128, so is q — w(q).
A comparison for ¢ = 3.59 - 107, ¢ = [I,<03p and ¢ = [[,<o9p shows that
w(q) > A(q) for ¢ € [3.59 - 107, [I,<31p)- For ¢ > [],<3; p, we know that

1

(1.1617q(1_0‘55)6ﬂ — log q) 1208977 > 998.0310g ¢

and so

1
_ 1 1—(1-0.55)-e— 7Y
> (1.16174(1-059) 7 _
wla) 2 ( 617q 298.03

1
> <1.1616q(1—0.55)e’7>m > 1.222q0'338.

By [RS62, (3.14), (3.24), (3.30)] and a numerical computation for p; < 105,

lo
P togp, log | [ p] = logp > 0.8p1,
p<p1 P<p1 P<p1
P 1
H —— <1+ — (logp1) < 1.9410g py
p—1 log” p1

for all py > 31. This implies, in particular, that, for ¢ = [[ ., p. w(q) >
1.222¢0-8:0:338p1 — 1 9990-2704p1 <
We also have

<31 p(p
and
-1
1/3 4 2/3
o 5 TLo ) ) = S st e I (12242
p<p1 p<p1 p<31 pip
< 0.729p1"% + 10g 0.1489.
Hence

7.284 - 0.1489¢0-729%1"° a3
A < | 1.941 . < (1265 0.729p; >
(@) < ( C&P1" 3688 - 0.8p; —logp1 | ¢

< 2.025¢"2217P1

for p1 > 31. Since 2.025e%2217P1 < 1.222¢92704P1 for p; > 31, it follows that
w(q) > Mg) for ¢ = [[ <, p, p1 > 31. Looking at (Z3I) and (7.32), we see
that this implies that @w(q) > A(g) holds for all ¢ > [] 3, p. Together with our
previous calculations, this gives us that @(q) > A(g) for all ¢ > 3.59 - 10”.

Now, for ¢ < 3.59 - 107 even, we need to check that the maximum mg,r,1 Of
errg g over all w(q) < R < A(q) satisfies (Z.28]). Since log R is increasing on R and
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G4(R) depends only on |R|, we can tell from (7.24]) that, since we are taking the
maximum of erry g, it is enough to check integer values of R. We check all integers
R in [@(q), A(g)) for all even ¢ < 3.59 - 107 by an explicit computation[] O

Finally, we have the trivial bound

(7.33) Gy(Qo/50) _ g

Gq(Q/SQ)

which we shall use for Q)¢ close to Q.

Corollary 7.7. Let {a,}22, an € C, be supported on the primes. Assume that
{a,} is in L1 N Ly and that a, = 0 for n < \/z. Let Qo > 10°, §o > 1 be such
that (200Q0)% < x/280; set Q = \/x/280 and p = (log Qp)/log Q. Let My, o, be

as in (33).
Let S(a) =), ane(an) for o € R/Z. Then, if p < 0.55,

/ 1S(a)? da < 128 Q0+ 169 / 15()[? dov
93?5on0 IOgQ R/Z

Here, of course, fR/Z 1S(0)]? da = > lan)? (Plancherel). If p > 0.55, we will
use the trivial bound

(7.34) /m

Proof. Immediate from Prop. [[.2] Lem. [(.4] and Prop. O

15() da < / 15()? da

80T R/Z

7.3. Putting together /> bounds over arcs and /., bounds. First, we need a
simple lemma — essentially a way to obtain upper bounds by means of summation
by parts.

Lemma 7.8. Let f,g : {a,a+1,...,b} — R(J{, where a,b € Z*. Assume that,
for all x € [a,b],

(7.35) Y. fn) < Fa),

a<n<zx

where F : [a,b] — R is continuous, piecewise differentiable and non-decreasing.
Then

b

b
> f(n)-g(n) < (maxg(n)) - F(a) +/ (max g(n)) - F'(u)du.

— n>a n>u
Proof. Let S(n) =3 _. f(m). Then, by partial summation,
b b—1
(7.36) > f(n)-g(n) < SB)gd) + > S(n)(g(n) — gln + 1)).

11Here7 as elsewhere in this section, numerical computations were carried out by the author
in C; all floating-point operations used D. Platt’s interval arithmetic package.
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Let h(z) = maxz<p<pg(n). Then h is non-increasing. Hence (7.35]) and (7.36])
imply that

b b
> f(n)g(n) < f(n)h(n)
b—1
< S(b)hb) + Y S(n)(h(n) — h(n+1))
b—1
< F()h(b) + > F(n)(h(n) — h(n +1)).

In general, for a, € C, A(z) = >, <, @n and F continuous and piecewise
differentiable on [a, x],

Z anF(z) = A(x)F(z) — / A(u)F' (u)du. (Abel summation)

a<n<z a

Applying this with a;, = h(n) —h(n+1) and A(z) = ., <, an = h(a)—h(|z]+
1), we obtain

b—1
> F(n)(h(n) = h(n +1))

b—1
= (h(a) = h(0))F(b—1) —/ (h(a) = h([u] + 1)) F'(u)du
b—1
= h(a)F(a) — h(b)F(b—1) + / h(lu] + 1)F'(u)du
ab—l
= h(a)F(a) —h(b)F(b—-1)+ / h(u)F'(u)du

b
= h(a)F(a) — h(b)F(b) + / h(u)F'(u)du,

since h(|u] + 1) = h(u) for u ¢ Z. Hence

b b
S F(m)g(n) < h(a)F(a) + / h(w) F (u)du.

n=a a

O

We will now see our main application of Lemma[7.8] We have to bound an in-
tegral of the form fm% |S1()|?]S2(x)|der, where My, - is a union of arcs defined
0T

as in ([3.3]). Our inputs are (a) a bound on integrals of the form fimg |51 (a)|?day,
0,7

(b) a bound on [Sy(c)| for @ € (R/Z) \ My, . The input of type (a) is what we
derived in 7.1l and 7.2} the input of type (b) is a minor-arcs bound, and as such
is the main subject of [Hel].

Proposition 7.9. Let Si(a) = > ape(an), a, € C, {a,} in L*. Let Sy :
R/Z — C be continuous. Define M5, , as in (3.3).

Let ro be a positive integer not greater than r1. Let H : [rg,m1] — R be a non-
decreasing continuous function, continuous and differentiable almost everywhere,
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such that
1

E |an|2

for some &g < x/2r} and all v € [ro,r1]. Assume, moreover, that H(r1) = 1. Let
g: [ro,m1] — RT be a non-increasing function such that

7.38 max So(a)| < g(r
(7.35) e 920 < )

(7.37) /m 151 (o) Pdar < H(r)

for all r € [ro,r1] and 6y as above.

Then
1
S Ja i, (S @IS
(7.39) (R/2)\Mag. o .
< glro) - (H(ro) — Io) + / o(r)H'(1)dr,
0
where
1
7.40 I :7/ S1(a)Pda.
(7.40) SR zm' @)

The condition 6y < x/ 27"% is there just to ensure that the arcs in the definition
of M, » do not overlap for r < rq.

Proof. For ro <r <7y, let

1
f0) == | 151(0)da
> lanl? Msg,r+1\ Mg,
Let
1
fir) = =——— Sh ()P da.
(r1) S JanP (R/Z)\%m! (a)]
Then, by (7.38),
1
S Sa(a)|da < fr
S0 o, IREA] Z
By (.37,
> =5 | 1) *da
ro<r<z " Msg.e+1\Msg.rg
(7.41)

1
= (m /sm ]Sl(a)]2da> — Iy < H(x)—1I
n 1N 50,z+1

for x € [rg,1). Moreover,

fr / S1(a))?
Z |an|2 R/Z)\z);n(;om| 1)l

ro<r<ri
1
= (72‘6”2 /R/Z |51(a)|2> —Ip=1-1Iy=H(r) - I.
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We let F'(z) = H(x)— Iy and apply Lemma[l.8 with a = ¢, b = r;. We obtain
that

> F(r) < (maxg(r) (o) + [ (maxg(r)F(u) du

= r>ro .
< glro)(H(ro) ~ o) + [ g(u) /()
N O
Theorem 7.10 (Total of minor arcs). Let x > 1024 2¢, where 4 < 3¢ < 1750. Let
(7.42) Syla,z) = ZA(n)e(an)n(n/aﬁ).

Let n.(t) = (2 *m ) (5et), where 12 is as in [{{.36) and ¢ : [0,00) — [0,00)
is continuous and in L'. Let ny : [0,00) — [0,00) be a bounded, piecewise
differentiable function with limy_oon4(t) = 0. Let M5, , be as in (33) with
6o = 8. Let 10° < 7y < r1, where 71 = (2/3)(2/)0%%/2.

Let
Z= [ 1S ()8, (o) e
(R/Z)\Ms
Then
2
Zro < (\l |(p;|41x(M+T) + \/ ST]*(()’x) : E) 9
where
S= Y (logp)*ni(n/x),
P>\
T = Cy,s(logz) - (S — (VJ —VE)?),
J:/ 1Sy, (o, 2)[2 day
sD’t&ro
E = ((Cy, 0+ Cy, 2)logz + (20, 0+ Cy, 1)) - /2,
Cpio= 0.7131/ i(Sup77+(7"))2alt,
0 \/_ r>t
> logt 9
C = 0.7131/ —— (supny(r))=dt,
(7.44) el o Vi (rzt +r)
Cp, 2 = 0.51941|n4 |4,
1.04488 [Y/K
Coali) = =12 [ fp(w)ldu
ll1 0
and
I 1 1.
M = glry) - (UBLO D T LOB (7 /Ry
(7.45) log \/2/16

+< 2 /m@drw%g(m))-s

log & Jr,
where g(1) = gy /5o (r) with K = log(z/) (see ({{.40])).
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Proof. Let y = /5. Let Q = (3/4)y?/3, as in [Hel, Main Thm.] (applied with
y instead of x). Let a € (R/Z) \ Mg, where r > ¢ and y is used instead of x
to define Mg, (see ([B.5)). There exists an approximation 2« = a/q + §/y with
q < Q, |0]/y < 1/gqQ. Thus, a = d'/q + §/2y, where either a//¢' = a/2q or
a'/q¢ = (a+ q)/2q holds. (In particular, if ¢’ is odd, then ¢’ = g; if ¢’ is even,
then ¢’ may be g or 2q.)

There are three cases:

(1) ¢ < r. Then either (a) ¢’ is odd and ¢’ < r or (b) ¢’ is even and ¢’ < 2r.
Since a is not in Mg ,, then, by definition B3), |§]/y > dor/q = 8r/q. In
particular, |6 > 8.

Thus, by Prop. and Lemma (4.6,

1)
(7.46) Sy (o, )| = |Snyupre(@y)l < gy <%q> Jehy < gye(r) - lehy.
(2) 7 < q < y'/3/6. Then, by Prop. &5 and Lemma 6]

(7.47)
0
5,.(0,2) = Sy < e (mox (181) ) ol < ) ol

(3) ¢ > y/3/6. Again by Prop. &5
Y
(7.48) 1S9, (0, 2)| = [Shaesssles )| < (h (55 Ik + Ca(E) )

where h(z) is as in (@42). (Note that C,3(K), as in (Z44]), equals
Coo,x/|0l1, where Cupo i is as in ([{48).) We set K = logy. Since
y = x/k > 10%, it follows that y/K = y/logy > 2.16 - 10%.

Let

2 055 z if r <y,
e (N
Gz,po(r1) ifr >y,
Since » > 4, we see that r; < (2/16)%%/2. By Lemma B8] g(r) is a decreas-
ing function; moreover, by Lemma A1 g, 4(r1) > h(y/logy), and so g(r) >
h(y/logy) for all r. Thus, we have shown that
(7.49) 1S, (g, @) < (g(r) + Cp3(logy)) - [y

for all « € (R/Z) \ Mg,
We first need to undertake the fairly dull task of getting non-prime or small n
out of the sum defining S, (o, z). Write

Sty () = > (logp)e(ap)m.(p/x),

p>\/T
Somi ()= Y Alm)e(an)iy(n/z) + Y A(n)e(an)i (n/z).
n non-prime n<yx
n>y\/x

By the triangle inequality (with weights |S,. (o, x)]),

[ ISu(@allSy, (o) Pda
(R/Z)\Ms,rg

2
<y / 1y, (0, 2)][ S5 (o, 7) 2.
j=1 (R/Z)\Ms,rq
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Clearly,
[ IS @a)lSa. (a.0)Pda
(R/Z)\Ms,

< Sy, (a, )| - S .x)|2d
< mas 1S @] [ (a0 0) o

Z n)n.(n/x) - Z A(n)?ny(n/z)® + Z A(n)*ny (n/x)?

n non-prime n<yx

Let 71 (z) = supy>, 14 (t). Since ny(t) tends to 0 as ¢ — oo, so does 7. By
[RS62, Thm. 13|, partial summation and integration by parts,

Yo APni(n/z < Y AM)E(n/)’

n non-prime n non-prime

< /100 S Am? | ([F(t/) dt < /lw(logt)-1-426M(W2<t/$>>'dt

* Jog €2t _2<t> < /°°2+10gt:1: >
< 0.7131 _— — ) dt < (0.7131 —_— t)dt
= . \/% -+ = = 0 \/i ( ) \/_
while, by [RS62, Thm. 12],

> Am)Png(n/z)* < Slng 2 (logz) > A(n)

n<\/x n<ry

< 0.51941|n4 |, - vz log .

l\’)l}—t

This shows that

/ 5.0 2)[Sm (0,2) o < 3 A(m)ma(n/2) - E = Sy, (0,2) - B,
(R/Z)\Mg,rq

n=1

where E is as in (7.43)).
It remains to bound

(7.50) / 1Sy (0, 2)| S, (0, 2) P,
(R/Z)\Mg, g

We wish to apply Prop. Corollary [(7] gives us an input of type (.37); we
have just derived a bound (7.43]) that provides an input of type (7.38]). More
precisely, by Corollary [7.7 (7.37) holds with

(log(r+1))+1.698 ;¢
H(r):{ log /a6 =D

1 ifr>rq.
Since r1 = (2/3)y%2™ and s < 1750,
log ((2 0-275 4+ 1) + 1.
lim H(r)— lim H(r)=1-— 08((2/3)(x/) +1)+1.698
r—)rir r—T log \/ $/16
2 16
o1l <o.275 log 2 + 1.698 + 0.275 log L ) oq 0275

——= = 0.45.
0.5 log \/7/16

0.5
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We also have (.38]) with

(7.51) (9(r) + Cp3(logy)) - [y

instead of g(r) (by (7.49)). Here (7.51)) is a decreasing function of r because g(r)
is, as we already checked. Hence, Prop. [[.9] gives us that (Z.50) is at most

(7.52)
9(ro)-(H(ro) — Io) + (1 = Io) - Cp 3(log ) + log \}:0/—16 / fgr)ldr " 992(81)

times |1y - > - z(logp)®n:(p/x), where
1

> psyz(log p) i (n/)

By the triangle inequality,

\/ | 1Su(aa)l da= \/ | 18ais) = Sap () da
mS,TO mS,TO
> / 1y, (0 2) 2 dev — / S, (0, 2)? da
mS,TO mB,T'O

> ISstada [ (S (a0 da
Ms, vy R/Z
As we already showed,

/IR/Z \Sg7n+(a,a;)]2 da = Z A(n)?ny(n/z)? < E.

n non-prime

orn <z

(7.53) I = / S0, (0 2)? da.
mS,TO

Thus,
Iy-S>(VJ-VE)?

and so we are done.

We now should estimate the integral in (7.45]). It is easy to see that

(7.54)
> 1 2 *logr . logerg <1 1
[, wtr = [ = e
0

0 0 0
| rt > logr 2log e’ry * log 2r 2log 2€e%r
—dr = log — dr = dr =
/r Py / N e S
/OO (log 2T)2d _ 2Py(log 2rg) /OO (log 27‘)3d _ 2P3(log 2rp)

0

r= = ,
. r3/2 V7o . r3/2 ré/2
where
(7.55) Py(t) = t* + 4t + 8, Py(t) = t3 + 6t + 24t + 48.

We must also estimate the integrals

(7.56) / PVED [T, / REAGL TN / EAGH

T
r3/2 r2 r2 3200

To 0
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Clearly, F (r) — e¢”loglogr = 2.50637/ log log r is decreasing on r. Hence, for
r>10°,
F(r) < e¥loglogr + ¢y,
where ¢, = 1.025742. Let F(t) = €”logt + ¢,. Then F"(t) = —¢7/t> < 0. Hence
d*\/F(t F"(t F'(t))?
© _ _F'M _ _F®)”

dt2 o /F()  A(F(1)3

for all ¢ > 0. In other words, /F(t) is convex-down, and so we can bound

/ F(t) from above by /F(to) + \/F/(to) - (t —tg), for any t > to > 0. Hence, for
r>ry > 105,

d\/F(t) r

VF (1) < \/F(logr) < \/F(logro) + lt=log ro - 108

dt ro
e log =
=+/F(logrg) + : o
(log o) F(logrg) 2logro
Thus, by (7.54),
(7.57)
 F(r) ( e ) 1 e’ log %1
dr < \/F(logrg) (2 — +
w32 V/F(logro) F(logro) ) \/To F(logro)logrg +/To
_ 2y/F(logr) 1 e’
N Vo F(logro)logry )

The other integrals in (7.56]) are easier. Just as in (7.57]), we extend the range
of integration to [rg,co]. Using (7.54]), we obtain

/ F(zr—)dr < / L(lozg T)dr =é (71052; logo + El(logro)> +2,
ro T ro T To To

/ F(r) logrdr <& (1 +logrg)loglogrg +1
0 T2 To

cy logerg

+ El(logro)> 4+ —
o

where E; is the exponential integral

By [OLBCI0, (6.8.2)],

1 1
- < Fq(1 <
r(logr +1) 1(logr) <

rlogr

Hence

8} 2
/ F(;’)dr < ¢ (loglogrg + 1/logrg) + &
ro T To

1
0 1 e’ <1og log To + 1—> + Ca,
/ F(T)zogrdr < %870 -log ery.
0 T To
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Finally,

"L (r) (210g logr (logr)) < 2c 2c
< e[ T—==_419F "o it At
/ro r3/2 VT "2 ¢ \Vro Vv

<26 <loglogro B loglogn) Lo, (L B L)
Vo VT To 1

1 1
+ 4e” — .
€ <‘/7‘0 logrg  +/r1(logr + 2))

It is time to estimate

R, o log 2
(7.58) / verlog2rV/F (1) ,

"
3/2 '
0 T/

where z =y or z = y/logy (and y = /5, as before). By Cauchy-Schwarz, ((.58))

is at most
R, 9, log 2r)2 m
32 743/2

We have already bounded the second integral. Let us look at R.; (defined in
(E40)). We can write R, ; = 0.27125R2 ;, + 0.41415, where

o log 4t
21log 5 5oz

Clearly,

t/2
R py=log |1+ —1= .
e < 10g‘°’§.63f—t>

Now, for f(t) =log(c+at/(b—t)) and t € [0,b),
ab " —ab((a — 2¢)(b — 2t) — 2ct)
(c+32%) -1 (c+ ) -0y

In our case, a = 1/2, ¢ =1 and b = log 362"/ — 1og(2.004) > 0. Hence, for t < b,

fi(t) =

—ab((a — 26)(b— 2) — 2¢t) = b<2t+ (b—2t)> g(gb—t>>0,

and so f”(t) > 0. In other words, t — R? ety 18 convex-up for ¢ < b, ie., for
el /4 < 921/3/2.004. It is easy to check that, since we are assuming y > 10%,
4 oss 9 ( y >1/3 9,1/3

M = oyt < < .
=3y 2.004 \logy) = 2.004

We conclude that r — R? ,, is convex-up on log8r for r < 71, and hence so is
r — R, ,. Thus, for r € [7‘0,7‘1],

logry/r 9 logr/ro

(760) Rz 2r = Rz 2rg IOg 741/7,0 z,2r1 log 741/7,0'
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Therefore, by (7.54)),

1 . rl 9 2 1
/ (R 3o2g T) ir < / <R2 logry/r LR log 7 /rg > (log 2r)? dr
T0 r / ] 7 7 3/2

“#ologry/ro - ¥ log /1o
2Rz 270 <<P2(log 27"0) _ Pg(log 27"1)) log 27"1 _ <P3(10g 27’0) _ P3(10g 27’1) >>
log % V7o VT VTo VT
2R ,,, <<P3(log 2ro)  Py(log 27"1)> B <P2(log 2rg)  Pa(log 27"1)> log 2 )
log 7+ N NG V7o NG ’
log2rg , <P2(log 2rg)  Pa(log2ry) >
Rz ro T Rz r Rm r ’ -
< 2ro log % ( ,2r 2 0) \/% \/E
N 232,% — R2,,, [ P3(log2rq) _ Ps(log2r1)
log 75 V7o v
_oR2, . Py(log2ry)  P(log2ry)
Z,4T0 \/ﬁ \/ﬁ
N 2R§,2r1 — R%,,, ( Py (log2rg) ~ D3(log 2r1) — (log 279) P> (log 2r1)
log 7% VTo V7T ’

where P5(t) and Ps(t) are as in (Z.55), and Py (t) = Ps(t)—tPs(t) = 2t + 16t +48.
Putting all terms together, we conclude that

(7.61) [ < foro,) + filr0) + £l

o

where

Jo(ro,y) = < 1_c<p V10,r0,m1,y T Co Om,

2
y —1
Tl’log?f) /7o Lro

_ VF(logro) [/ ¢’ 5
aey T U ( F(logro>logro> Mo
1

13
+ = <<Z log erg + 10.102> Iro + 2 log ero + 23. 433)
To

lo 1/6 T
f2(7‘0,y) = 32(517%)6 lOg _17

7o

where F(t) = eVlogt + ¢y, ¢y = 1.025742, y = x/5 (as usual),
(7.63)

1077“0,7‘1, Rz 2r0 <

Py(log2rg)  P(log 27"1)>

VTo VT
N R? 2r T R? 210 <P2_ (log2rg)  Ps(log2r1) — (log 2rg) P (log 27‘1))
log T0 \/% \/ﬁ
e’ 2¢7 Coy2l0gy/lPh
F(l . n.=FQ _ Co2logy/lPl
Ir = (ogr)—i—l ogr L (Ogr)—klogr7 Co loglogy

and Cy, 2 i is as in (£47).
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8. CONCLUSION
We now need to gather all results, using the smoothing functions

N+ = haoo(t)no ()
(as in (£7), with H = 200) and

e = (112 %01 ) (5et)
(as in Thm. [ZI0, with x < 1750 to be set soon). We define (t) = t2¢/2. Just
like before, hy = haoo is as in @I0), no(t) = no.1(t) = e/, and 12 = ny+arm,
where m = 2. I[_1/271/2].

We fix a value for rg, namely, rg = 150000. Our results will have to be valid
for any x > w1, where x; is fixed. We set x; = 4.5 - 10%?, since we want a result
valid for N > 10%°, and, as was discussed in (@), we will work with x; slightly
smaller than N/2. (We will later see that N > 10%° implies the stronger lower
bound x > 4.9 - 1029.)

8.1. The /5 norm over the major arcs. We apply Lemma B with n = 7,
and 7, as in ([£3]). Let us first work out the error terms. Recall that 6y = 8. We
use the bound on £, , s, given in (6.63)), and the bound on ET; 5,/ in (6.64):

Eﬁ+m50 <2.139- 10_87 ET??+,5or/2 <5.122- 1072,

We also need to bound a few norms: by (417), ([4I8), (4.26]), (4.31) and (£.30)),
In+]1 < 0.996505,

547.5562

8.1) 412 < 0.80013 + = 5= < 0.80014,
14 2 1og 200
I loo < 14+ 2.21526 - #}g < 1.0858.
By B.12),

Sy (0,2) =75(0) -z + O (erry, (0, 2)) -
< (|04l + ET,, 5rj2)7 < 0.99651.
Hence, we can bound K, o in (3.27):

K,2 = (1++/300000)(log z)* - 1.14146
-(2-0.99651 4 (1 4 /300000) (log )? - 1.14146 /)
= 1248.32(log z)? < 2.7- 10"z

for z > 10%0. We also have

ET s
5.1980r (ET sor - (\nh + L)) < 0.031789
N+~ 2

and
Sor <<2 + 31(;gr> -E2, 5+ (log Qezr)KrQ) <4.844-1077,
We recall from (4.18) and (414) that
(8.2) 0.8001287 < |1o]o < 0.8001288
and
(8.3) s — nola < 209002y gy 1078,

H7/2
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Symbolic integration gives
(8.4) InL|3 = 2.7375292. ..

We bound |77<(>3) |1 using the fact that (as we can tell by taking derivatives) 17<(,2) (t)

increases from 0 at ¢ = 0 to a maximum within [0,1/2], and then decreases to

ngz)(l) = —7, only to increase to a maximum within [3/2, 2] (equal to that within
[0,1/2]) and then decrease to 0 at t = 2:

¥ =2 max & @) — 28 (1) +2 max (1)

te[0,1/2] te(3/2,2]
(8.5) o
=4 max 1 (t)+ 14 <4-4.6255653 + 14 < 32.503,
t€(0,1/2]

where we compute the maximum by the bisection method with 30 iterations
(using interval arithmetic, as always).
We evaluate explicitly

> % = 13.597558346 . . .

q<r
q odd

Looking at (3:29) and L, s, < (logr + 1.7)|n4|3,, we conclude that

Ly.s, < 13.597558347 - 0.8001287> < 8.70524,
Ly.s, > 13.597558348 - 0.80012882 4+ O*((log 7 + 1.7) - 4.84 - 1079)

logr | %> > 8.70516.
4r r

+0*(1.341-107°) - <0.64787 +
Lemma [B.1] thus gives us that

(8.6) /Sm Sy, (o, )|* dov = (8.7052 + O*(0.0004))z + O*(0.03179)a

8,70

= (8.7052 + 0*(0.0322))x.

8.2. The total major-arcs contribution. First of all, we must bound from
below

s asT( ) T g

The only prime that we know does not divide N is 2. Thus, we use the bound

1
Co>2]] <1 — 72> > 1.3203236.
s (»—1)

The other main constant is C), ,,, which we defined in (337) and already
started to estimate in (Z.0]):

N
x

2
(88) Cpom. = Iol2 /O n(p)dp + 2713 - OF ( /0 ((2—N/$)+p)2n*(p)dp)
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provided that N > 2. Recall that n, = (2 *as )(5¢t), where @(t) = t2e~°/2.

Therefore,
N/= x dw
/ o (_p) a2
w w

N/z N/x
/ n*(p)dpz/ (12 * ) (5 /
0 0
_ m2hleh i/ / P)dpduw.
x uN/xw

[e.e] o0 2
/ o(p) = ye V12 42 e dt < <y + —> e V2
y y/V?2 Y
by [OLBCI0, (7.8.3)]. Hence

0o 0o 1
/ p(p)dp < / p(p)dp < (2% + —> e %
»xN/xw 2 x

and so, since |na|; = 1,

Nfe lelt ! 1 2
dp > / 7 wdw'<2+—> e 2
[ ez [ -

1
> ol — <2+—2) 2
4

Let us now focus on the second integral in (88]). Write N/z = 2+ ¢ /. Then
the integral equals

24c1/x 0o
/ (—er/oe+ p)277*(p)d,0 <L / (= e1)? (n2 %01 ) () du
0 0

Now

(8.9)

= / vw — ¢1)%p(v)dvdw
0

e f——w

It is thus best to choose ¢; = (9/4)/+/27 = 0.89762. ... Looking up |n}|3 in (84,

we obtain
N

2,715 |3- /0 “((2 = N/z) + p)*ne(p)dp
1 /49 (9/4)? 1.9986
< (== < .
7.413 - <48 \/7 oo ) S 58

1.9986

203

We conclude that

1 1 2
C > Z 02_ 02 2 - —2%
o 2 el — Inlf (24 35 )

Setting
»x =49
and using ([A.I8]), we obtain

1
(8.10) Coe 2 ;(\90\1\770\3 — 0.000833).
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Here it is useful to note that |1 = /7, and so, by @I8), |¢|1]n.|3 = 0.80237....
We have finally chosen z in terms of NV:

N N N
(8.11) T = = = =0.49724...- N.
24 a 9 49/36 1 24 1
< + V2r 49 36V 2T

Thus, we see that, since we are assuming N > 10%°, we in fact have z > 4.9724 . . .
10%?, and so, in particular,

x
(8.12) x>49-10% = >10%.
>
Let us continue with our determination of the major-arcs total. We should
compute the quantities in (3.38). We already have bounds for E, ,s,, A
L, s, and K, . From (6.63]), we have

N

3.061 - 1078
(813) Er]*,r,S < T)
where the factor of s comes from the scaling in 7.(t) = (92 *ar ¢)(5¢t) (which in
effect divides x by ). It remains only to bound the more harmless terms of type
Zy2 and LS.

By (B.12),
Zyp 5 =—ZA2 2 (n/x) < ZA )i (n/x) - (ny(n/x)logn)

(8.14) <1 ZA e (n)z) - (194 (1) - logt (£/2)]so + |14 |eo log 22)

IN

(!?7+\1 +lerry, xr (0,2)]) - (In4(t) - log™ (£/2)]oc + [114-]oc log 22),

where log™ (¢) := max(0, log t). Proceeding as in ([@27), we see that

74(t) - log™ (t/2)|oc < 16(t) - 1og™ (/2|0 + |h = htloo - [10() - log™ (/2)] 00
= |h = hitloo - [10(t) -1og™ (£/2)] o
Since

1o (t) - og* (¢/2) e < max o (t)(t/2 — 1)| < 0.012

and |h — hg|so < 0.1415 (by (E29) and ([@30)), we see that |, (t)-log™ (t/2)]s <
0.0017. We also have the bounds on |n4|; and |n4|s in (BI) and the bound
lerry, o, (0,2)| < ET,, s50r/2 < 5.122 - 107 from (6.64). Hence

Zni,2 < 0.99651 - (0.0017 + 1.0858 log 2x) < 0.002 + 1.09 log x.

Similarly,

an,zz—ZAz n)n?(n/a) < ZA 0. (n/a) - (n.(n /) log n)

< (|77*|1 + lerry, xr (0, 2)]) - (|77*( ) - log™ (52t) |0 + [14|oo log 2/ ).
Clearly,
t 2
(8.15) N loo = M2 %01 @oo < n2T() |0]oo < 1.92182 - - < 1.414.
1
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and, since log™ is non-decreasing and 75 is supported on a subset of [0, 1],
[7(t) - log™* (3¢t)|oc = |(12 %01 ) - 10g™ |oo < |m2 %1 (- 10g™)]oo
< ()
t

g - logT oo < 1.92182 - 0.762313 < 1.46503
1

where we bound |¢ - log™ |« by the bisection method with 25 iterations. We
already know that

n2|1]¢) Yl /2
n n n
We conclude that
(8.17)

Zy2o < (\/7/2/49 + 3.061 - 107%)(1.46503 + (2/e) log(x/49)) < 0.01891og .
We have bounds for |1:|s and |74 |ec. We can also bound
1 - too = |(m2 %01 ©) - too < Klm2|1 - [0 - tloo < 3%/2e7/2
and
14-(t) - tloo < [M0(t) - too + [P = hrr]oo - 10 (F) - oo
< 1.0648 + 0.1415¢~ /2 < 1.1507,

where we bound |no(t) - t|s < 1.0648 by the bisection method (20 iterations).
We can now bound LS, (x,7) for n = n,,n4:

p*
LS = logr - max ) —
n(z,r) =logr p3§a>ln<x>

(8.18)

In -t
= (log ) - max log oo + Z T

pazx
log = 7 - t]oo
< .
< (logr) - max<logp| | +1—1/p
(log ) (log x)
< o0 21 .tOO7
< ez Mloo + 2(log 7)[n - ¢
and so
(8.19)

2
<
LS. < (elo 2

1.1414
LS, < <F6 logx +2-1. 1507> logr < (1.6468log x + 2.3014) log 7.

logz + 2 - (3/6)3/2> log r < (1.0615 log x + 2.3189) log r,

We can now start to put together all terms in (3.36]). Let eg = |9+ — 002/ |70 |2

Then, by (&3),

€0lnol2 < [y — Mol2 < 4.84 - 107,
Thus,

(3)
4.3100480 o3 + 000121211
2.82643]n,[3(2 + €0) - €0 + 0

r
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is at most

2.82643 - 4.84 - 1076 - (2 0.80013 + 4.84 - 1079)

4.311 - 8- 0.64021 +0.0012 - 32:505"
N e < 0.0001691

by (AI8) and (8E). Recall that |n.|; is given by (810).
Since . = (n2 *u @) (2x),

a2 = 2 5ar @l3 _ [m2(t)/VEl2 - ol
"2 n - n

o JRVE - Blog2)? _ 153659
N »x - x

The second line of (3.36)) is thus at most x2 times
3.061-10®

1.53659

-8.739 +2.139 - 1078 - 1.6812(1/8.739 4 1.6812 - 0.80014)\/

1.6097 - 10~6
< —.
4

where we are using the bound A,, < 8.739 we obtained in (8.6). (We are also
using the bounds on norms in (81]).)

Using the bounds (814), (8I7) and (819), we see that the third line of (3:36)

is at most
2-(0.01891og x - (1.06151og = + 2.3189) log 150000) -

+41/(0.002 + L.14log z) - 0.0189 log z(1.6468 log « + 2.3014) (log 150000)a
< 13(log z)?z,

where we just use the very weak assumption = > 10'°, though we can by now

assume (8.12)).

We conclude that, for » = 150000, the integral over the major arcs
Sy, (a, )28, (a,2)e(—Na)da
mS,r'
is

(8.20)

2 1.6097 - 1076
T/ p2 g oty

Co - Cyo p.2* + OF <0.0001691 : x% + 14(log x)2x>

0.000213622
=Co- Cﬁoﬂ?*gj2 +07 <7$>

= Cy - Co v + O (4.359 - 10~ %2?) ,

where Cy and Cjy . are as in [B.37). Notice that CoCyy . 2? is the expected
asymptotic for the integral over all of R/Z.

Moreover, by (89) and (8I0),
1.32032 ol2 0. 1.0594 , 1.
Co - Crp. = 3203236| )1 [no[3 _ 0.000833 _ 1.0594003  0.000833 _ 1.05857

- P24 ” - %4 %4 49

Hence

1.
(8.21) / Sy, (o, )28, (a,2)e(—Na)da > wmj,
ms,r

»

where, as usual, »r = 49. This is our total major-arc bound.
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8.3. Minor-arc totals. We need to estimate the quantities F, S, T, J, M in
Theorem [T.T0L Let us start by bounding the constants in (7.44]). The constants
Cy,.j» 7 = 0,1,2, will appear only in the minor term Az, and so crude bounds on
them will do.

By (BI) and (BI3)),
1.1
sup 74 (r) < min (1.0858, %)
r>t

for all ¢ > 0. Thus,

o0 1 2
C = 0.7131/ — (Su r > dt
4.0 . Vi TZI;77+( )

1 2 00 2
<0.7131 / 1.0858 —|—/ ﬂdt < 2.31092.
YA 1 t5/2

Similarly,

1 2 > 1.15072 log ¢
Cp,1<07131 [ — dt <0.7131 | ———_"°"4t < 0.41965.
v <0713 7 (spn0)) ar<omn [5G <

Immediately from (81]),
Cp, 2 = 0.51941|n4|% < 0.61235.
We get
(8.22) E < (2488 +0.677)log z + (2 2.488 + 0.42)) - 2'/2
< (3.165log = + 5.396) - 21/2 < 3.31- 10713 . 2,

where E is defined as in (7.43)), and where we are using the assumption x >
4.5 - 10% made at the beginning. Using (8I3) and (816]), we see that

S, (0,2) = (|1 + O (ET,, o))z = <\/7r/2 + 0*(3.061 - 10—8)>

Hence

x
=
2

(8.23) S, (0,7) - E < 5.84-10714. %

We can bound

(8.24) S <Y A(n)(logn)n? (n/x) = 0.64022x log & — 0.0211z

by ([6.67). Let us now estimate 7. Recall that o(t) = t2e~**/2. Since
U U o 4279 u 5 u3
/ cp(t)dt:/ t2e” /dtg/ 2dt = —,
0 0 0 3

1
1.044 Tog x /> 9
Cos <1°g E) - LOMES [E o omttf2gy < LWB
7 VT/2 Jo (log x /)
By (EE), we alrcady know that J/ = (8.7052 + 0" (0.0822))a. Hence

(VJ = VE)? = (1/(8.7052 + 0%(0.0322))z — v/3.302 - 10— 13 . )2
> 8.672999z,

we can bound

(8.25)



MAJOR ARCS FOR GOLDBACH’S PROBLEM 109

and so
T =Cpy (log =) - (S = (VI = VE)?)
2
< % - ((0.6402 + O*(2 - 107%))z log & — 0.02112 — 8.672999z)
zlogx x
<0.17792——"F— — 2.41609 ———
= M g a /oy ~ 21 oz /ey
T x
>0.17792———— — 1.72365 ——.
- (log x/5)? (log /)3
for s = 49. Since x /5 > 10%, this implies that
(8.26) T <3638-107°- .

It remains to estimate M. Let us first look at g(rg); here g = g, /3,00 Where
Jx)x, is defined as in ([£46). Write y = x/5. We must estimate the constant

Cy,2,i defined in (448):

1 1 1
Co2,K = —/ o(w) log wdw < —/ o(w) log wdw < —/ we?/? log wdw
1/K 0 0

< 0.093426,

where again we use VNODE-LP for rigorous numerical integration. Since |p|; =
\/m/2, this implies that
C%Q/‘(,D‘l < 0.07455

2
(8:27) log K~ loglogy
and so
0.07455 0.07455
8.28 R = -
(8.28) PP Toglogy Y/ < 10g10gy> v

Let t = 2rg = 300000; we recall that K = logy. Recall from (8.12) that
y = x/s > 10%%; thus, y/K > 1.5511 - 10%° and loglogy > 4.16624. Going back
to the definition of R, in (£40]), we see that

log(8 - 150000)

9,(1028)1/3
2108 35075150000

(8.29) Ry ar, <0.27125l0g (1 + ) +0.41415 < 0.55394,
(8.30)

log(8 - 150000)

91og &-(1:55111020)1/3
08 ~5.004-2-150000

Ry K27y < 0.27125l0g (1 + ) +0.41415 < 0.5703,
and so

_ 0.07455
vioe2ro = 416624

0.07455

R 416624

0.5703 + <1 > 0.55394 < 0.55424.

Using
2.50637

F(r) =¢e"loglogr +
loglogr

< 5.42506,
we see from (£40) that

111
Ly, = 5.42506 - <log 211500007 + %) + log 291500005 + — < 394.316.
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Going back to (£46]), we sum up and obtain that

(0.55424 - log 300000 4 0.5)1/5.42506 + 2.5 394.316 - <logy> 1/6

o) = +
9(ro) V2150000 150000
< 0.039182.

Using again the bound z > 4.9 - 10% from (812)), we obtain

log (150000 + 1) + 1.698'5 (VT - VE)?

log \/z/16
13.6164
< 1& -(0.64022x log  — 0.0211z) — 8.673x
5 logz —log 4

< 13.6164 - 1.33393x — 8.673x < 9.49046z.

Therefore,

(8.31)

log (150000 + 1 1.698
g(ro) - o8l )+ S — (VJ =VE)? | <0.039182 - 9.49046x
log \/x/16

< 0.37186x.

This is one of the main terms.
Let 1 = (2/3)y%%%/2, where, as usual, y = /5 and s = 49. Then

log (8 . %yo‘zss)

1/3
21o 9y ==
2

gi
2.004-2:2y 2

Ry = 0.27125l0g | 1+ +0.41415

(8.32) @ logy + log

27/8
0 logy + 2log T 062

= 0.27125log <1 + ) +0.41415

<0.27125log <1 + %) + 0.41415 < 0.74266.

Similarly, for K =logy (as usual),

(8.33)
log (8 3y0 > >

1/3
2 log —2W/KITE
2.004-2-2y " 2

+ 0.41415

Ry kar, = 0.27125log | 1+

@lo + log 18
= 0.27125log <1 + &Y g3 Ps + 0.41415.
50 logy — loglogy + 21og 1503
Let
f(t)— @t—klogw _33+ 2logt—c
60 2logt—i—2log 12%5; 14 7t—210gt+2log 12%5;
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where ¢ = (33/14) log((27/8)/1.002) — log 16/3. Then
7 27/8
5 <mt flogt + 2log 1062) (Flogt —c) (5 — %)
(% 2logif—l—Zlog 122/082)

logt - —(c+ 2/3) + (c— 2log 12%2) 3

f1(t) =

27/8
<%t — % logt + 2log —1_0{)2>

Hence f'(t) < 0 for t > 25. It follows that R, ko, (With K = logy and 7
varying with y) is decreasing on y for y > €%*, and thus, of course, for y > 10%5.

We thus obtain from (833]) that

(8.34) Ry/K’27-1 <R g < 0.76994.

log 1028 21
By (B:28), we conclude that

0.07455

_ 0.07455
v K@ = 416624

R 4.16624

-0.76994 + <1 — ) -0.74266 < 0.74315.

Since 1 = (2/3)y"%%/2 and F (r) is increasing for r > 27, we know that
(8.35)

2.50637
0.55/2y _ 0.55/2
2. 2
=e"loglogy + 20657 5— — ¢’ log —— < e”loglogy — 1.42763
loglogy — log 5% 0.55

for y > 10?8, Hence, ([@40) gives us that

25 80 2% 111
< (e"loglogy — 1.42763) <log Tgy% + —) + log Ti.y% + —
31 9 39 5
< 3.8591log yloglogy + 1.7957log y + 15.65log logy + 15.1
< (4.29002log y + 19.28) log log .
Moreover,
1.42763
=y/eYlogl —1.42763 < /e logl -
VI (r1) = elloglogy < /evloglogy — AT

and so

4
(0.743151og gy% 0.5 ()
< (0.2044log y 4 0.7138)+/ € loglog y —

< (0.27281log y + 0.9527)4/log log y — 3.64.

1.42763 - (0.2044 log y + 0.7138)
2¢/€e7loglogy
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Therefore, by (4.44]),
(0.27281og y + 0.9527)+/loglogy — 1.14

Gye(r1) < mn
4 =
3Y*
N (4.290021og y + 19.28) log log N 3.2(log y)'/6
%y};_(l) yl/ﬁ
< 0.251 log y+/loglogy
—_— y% .
By B24) and y = =/ = x/49, we conclude that
(8.36)
0.251 log y+/Tog1
0.459(r1)S < 0.45 - 98 YVIOB 08 Y (0.640221og = — 0.0211)z
y%
0.11295 log y+/Iog I
< OB YVIOB 08 Y (0.6402210g y + 2.471)z < 0.09186x.
y%

It remains only to bound

25 / 9r),,

X
log 6 Jro T

in the expression (.45]) for M. We will use the bound on the integral given
in (7.6I)). The easiest term to bound there is fi(rg), defined in (7.62]), since it
depends only on rg: for 7o = 150000,

f1(rg) = 0.0161322... .
It is also not hard to bound fa(rg,x), also defined in (7.62]):

11
(logy)'/6 Zaiw (logy)'/¢ /11
= <39r2°d) [
fa(ro,y) = 3.2 176 log o 3.2 176 4010gy+0.6648 logry |,

and so, since ry = 150000 and y > 1028,
Faro,y) < 0.000895.
Let us now look at the terms I, ¢, in (Z63). We already saw in (827)) that

_ Coa/lph _ 0.07455
v lOgK - log logy

Since F'(t) = e”logt + ¢, with ¢, = 1.025742,

< 0.0179.

2e7
log rg

(8.37) Ity = F(logrg) + = 5.42938.. .

It thus remains only to estimate Ig  », - for z = y and z = y/K, where K = logy.
We already know that

Ryory < 0.55394, Ry on, < 0.5703,
Ryor, <0.74266, Ry, < 0.76994

by ([8:29), (B30), (8:32) and (8:34). We also have the trivial bound R, ; > 0.41415
valid for any z and ¢ for which R, ; is defined.
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Omitting negative terms from (7.63]), we easily get the following bound, crude
but useful enough:

Py(log 2r¢) N R?,,, —0.41415% P; (log 2r¢)
e log 1 ND

where Py(t) = t? 44t +8 and P, (t) = 2t*+ 16t +48. For z = y and 7y = 150000,
this gives

Iy T0,T1,2 = R

Tomgnry < 0553042 . L20082r0) | 0742667 — 0.41415% Py (log 2ro)

0 55
Vo log 22 Vo
0.55722

<0.17232 + ;
Hlog y — log 225000

for z = y/K, we proceed in the same way, and obtain

0.61773
Iorg,ryy < 0.18265 + T .
10 log y — log 225000

This gives us

(1 - CSD) IO,T’(),T’l,y + ccp\ / IO,ro,rl,ﬁ

<0.9821 - \/O 17232 + 5

0.55722
M log y — log 225000

(8.38)

0.61773
1+ logy — log 225000

+ 0.0179\/0 18265 + 5

In particular, since y > 1028,

(L= o)V doromy + Coy oo, < 052514,

2
< 0.52514 - , | ——=5.42939 < 0.087932.
fo(ro,y) < \/ N <

By (Z61l), we conclude that

Therefore,

1
/ 9) 4y < 0.087932 + 0.061323 + 0.000895 < 0.15015.
T

0o

By (824) and = > 4.9 - 10%,

25 < 2(0.64022z log x — 0.0211x)
log i — log x — log 16

< 1.33393z.

Hence

25 ™
(8.39) _ / 90 41 < 0.200294.
log 75 r

Putting (831]), (836]) and (8.39]), we conclude that the quantity M defined in
(745)) is bounded by

(8.40) M < 0.37186z + 0.09186z + 0.20029z < 0.66401zx.
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Gathering the terms from (8.23]), (8.20]) and (8.40]), we see that Theorem [7.10]
states that the minor-arc total

Zro - / |Sﬁ*(av$)||577+(a’$)|2da
(R/Z)\Ms,rg

is bounded by

2
Zyy < <\/@(M+T)+,/S *(O,x)'E>

2
(8.41) B = —
0.6022 4+ 3.638 - 1075)—= 4+ v5.84 - 10~ 14—

2
< 0.83226°
i

for 7o = 150000, z > 4.9-10%°, where we use yet again the fact that |p|; = \/7/2.
This is our total minor-arc bound.

8.4. Conclusion: proof of main theorem. As we have known from the start,

Z A(n1)A(n2) A(ng)ng (n1)ng (n2)ns«(nz)

ni+n2+nz=N
= / Sy, (a,2)%8,, (o, 2)e(—Na)da.
R/Z
We have just shown that, assuming N > 10%°, N odd,

/ Sy (e, )28y, (a, z)e(—Na)da
R/Z

(8.42)

= / Sy (e, )28y, (a, z)e(— Na)da
mB,r'O

Lo ( / 1Sy (0, ) 21S *<a,a:>|da)
(R/Z)\Ms,r,

2 2 2
> 1.05856°— + O* (0.83226x—> > 0.2263=
a1 a1 a1

for ro = 150000, where x = N/(2+1/(361/27)), as in (811). (We are using (8.21))
and (841).) Recall that s = 49 and 7, (t) = (2 *a¢)(5¢t), where p(t) = t2e~/2.

It only remains to show that the contribution of terms with nq, ne or ng non-
prime to the sum in (8.42]) is negligible. (Let us take out ny, n2, ng equal to 2 as
well, since some prefer to state the ternary Goldbach conjecture as follows: every
odd number > 9 is the sum of three odd primes.) Clearly

> A(n1)A(n2) A(ng)ne(n1)ns(n2)ns(ns)

ni+na+n3=N
n1, N2 Or N3 €ven or non-prime

< 3l 2 7o > A(n1)A(n2)A(n3)

ni+na+n3=N
mni even or non—prime

<3N lmeloo-Qog N) >0 A(m) DY Alna).

n1 < N non-prime no<N
orny =2

(8.43)
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By ®1) and BI5), |14]e < 1.0858 and |n.|ee < 1.414. By [RS62, Thms. 12
and 13],

> A(ny) < 1.4262V'N,
n1 < N non-prime

orny =2

> A(ny) = 1.03883 - 1.4262N < 1.48158N.

no < N non-prime
or ng = 2

Hence, the sum on the first line of (843) is at most

10.568N3/2 1og N.
Thus, for N > 1030 odd,

> A(n1)A(n2)A(ns)ne (n1)n+ (n2)n.(n3)

ni+n2+nz=N
ni, n2, ng odd primes

2
> 0.2263°- — 1.0568N/2 log N
a4

> 0.001141N? —8-10"" . N2 > 0.00114N?

by 7 = 49 and (BI). Since 0.00114N?2 > 0, this shows that every odd number
N > 10 can be written as the sum of three odd primes.

Since the ternary Goldbach conjecture has already been checked for all N <
103V [HP], we conclude that every odd number N > 7 can be written as the
sum of three odd primes, and every odd number N > 5 can be written as the
sum of three primes. The main theorem is hereby proven: the ternary Goldbach
conjecture is true.

APPENDIX A. SUMS OVER PRIMES

Here we treat some sums of the type > A(n)yp(n), where ¢ has compact
support. Since the sums are over all integers (not just an arithmetic progression)
and there is no phase e(an) involved, the treatment is relatively straightforward.

The following is standard.

Lemma A.1 (Explicit formula). Let ¢ : [1,00) — C be continuous and piecewise
Cl with " € Ly; let it also be of compact support contained in [1,00). Then

D T Awen = [ (15 sy ) v - T

p

where p runs over the non-trivial zeros of ((s).

The non-trivial zeros of ((s) are, of course, those in the critical strip 0 <
R(s) < 1.

Remark. LemmalA T appears as exercise 5 in [IK04, §5.5]; the condition there
that ¢ be smooth can be relaxed, since already the weaker assumption that ¢”
be in L! implies that the Mellin transform (M ¢)(o +it) decays quadratically on t
as t — oo, thereby guaranteeing that the sum } ,(M¢)(p) converges absolutely.

Lemma A.2. Let x > 10. Let ny be as in (£.33). Assume that all non-trivial
zeros of ((s) with |3(s)| < Ty lie on the critical line.
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Then

: log gt r9/4 6.
(A2) Y Amm (2) =2+0° <0.135g;1/2 + g) 7 (% L8 03) .

T 2w T
In particular, with Ty = 3.061 - 1010 in the assumption, we have, for z > 2000,
S A (2) = (40" () + 0 (013527,
T
n

where e = 2.73 - 10710,

The assumption that all non-trivial zeros up to Ty = 3.061 - 100 lie on the
critical line was proven rigorously in [Plaa]; higher values of Tjy have been reached
elsewhere ([Wed03], [GD04]).

Proof. By Lemma [A]]
St (7) = [T (3) - [T - e,

where p(u) = n2(u/z) and p runs over all non-trivial zeros of ((s). Since 7 is
. o0 .
non-negative, [\ na(t/x)dt = x|np|1 = , while

© mt/e) o [ (1) L (961114
/1 t(;—l)dt_O (/1/4 tm2(t22—1/100)dt> =0 < x2 >
By (2.0),
1—27,\2
S (MP)(0) = 3 Mis(p)a? = 3 ( ) 29 = 81(2)—251(2/2)+51 (2/4),
P

P P P
where
xP

p

Setting aside the contribution of all p with |J(p)| < Tp and all p with |S(p)| > Tp
and R(s) < 1/2, and using the symmetry provided by the functional equation,

we obtain 1 L
1/2 - ) -
S ()] < /7 - E : NEs +z § : T
p

p
1S(p)[>To
1R(p)[>1/2

1 T 1
S $1/2 . JEE— + — . _
Ep: ‘p‘m-i-l 2 Z ‘p‘m-i-l

p
1S(p)[>To

We bound the first sum by [Ros4l, Lemma 17] and the second sum by [RS03,
Lemma 2]. We obtain

Ad ()] < log —2 + kzt/
( ) ‘S (Z’)‘ — <2m7TT6n + Tgn—l—l) T log o7 + Em® 9

where k1 = 0.0463, k3 = 0.00167 and 3 = 0.0000744.

Hence
1 2.68\ 9z ely 3

M cxP| < — | —log — — 2 172,
> (Mn)(p) - 2| < <27TT0 + T02> log -+ <2+f> K12

p
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For T = 3.061 - 10'° and = > 2000, we obtain

3 A, <g) = (1+ O*(e))z + 0*(0.1352/2),

where e = 2.73 - 10710, O

Corollary A.3. Let ng be as in ([{-33). Assume that all non-trivial zeros of ((s)
with |3(s)| < Ty, To = 3.061 - 1012, lie on the critical line. Then, for all x > 1,

(A.5) Z A(n)n2 (g) < min <(1 + €)z 4 0.22'/2, 1.04488x) ,

where e = 2.73 - 10710,

Proof. Immediate from Lemma[A.2]for z > 2000. For z < 2000, we use computa-
tion as follows. Since |15lec = 16 and 3, /4, <, A(n) < z for all z > 0, computing
> e AMn)n2(n/z) only for € (1/1000)Z N [0, 2000] results in an inaccuracy of
at most (16 - 0.0005/0.9995)2 < 0.00801z. This resolves the matter at all points
outside (205,207) (for the first estimate) or outside (9.5,10.5) and (13.5,14.5)
(for the second estimate). In those intervals, the prime powers n involved do not
change (since whether x/4 < n < x depends only on n and [z]), and thus we can
find the maximum of the sum in (A.5) just by taking derivatives. O

APPENDIX B. SUMS INVOLVING ¢(q)

We need estimates for several sums involving ¢(q) in the denominator.

The easiest are convergent sums, such as >, 12(q)/(¢(q)q). We can express
this as [[,(1+1/(p(p —1))). This is a convergent product, and the main task is
to bound a tail: for r an integer,

1 1 1 1
(B 1°ﬂ(”m)i§m%§m:?

A quick computatio now suffices to give

9 2
(B.2) 2591461 < 3 ged(@:2)07(0) _ 4 501463
~  dla)g
and so
1*(q)
(B.3) 1295730 < » =2 < 1.295732,
S5 o)

since the expression bounded in (B.3)) is exactly half of that bounded in (B.2)).
Again using (B.]), we get that

2
(B.4) 2.826419 < 3 “((‘)]; < 2.826421.
- ola

In what follows, we will use values for convergent sums obtained in much the
same way — an easy tail bound followed by a computation.

12Using D. Platt’s integer arithmetic package.
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By [Ram95 Lemma 3. 4],

,u = logr + cg + O*(7.284r71/3),
q<7“
(B.5) log 2
“ (1ogr e+ %) + 0" (4.899r71/%),
q<r
q odd
where

ogpl) = 1.332582275 + O*(1072/3)

by [RS62, (2.11)]. As we already said in (7.15]), this, supplemented by a compu-
tation for r < 4 - 107, gives

12 (q)
logr+1.312 < Y == <logr + 1.354
— ¢(q)
qsT
for » > 182. In the same way, we get that
1 pia) _ 1
B.6 —logr+ 0.83 < < —logr + 0.85.
(B.6) 2 Z: P(g) ~ 2
qsrT
q odd
for r > 195. (The numerical verification here goes up to 1.38-10%; for r > 3.18-108,
use [B.6l)
Clearly
2 2
p(q) _ 1 (q)
(B.7) — = .
o o) = ()
q even q odd

We wish to obtain bounds for the sums

2
1 (q) Z 12 (q) Z 12 (
¢(q)2 9 27
q>r q>r
q odd q even

where N € Z* and r > 1. To do this, it will be helpful to express some of the
quantities within these sums as convolutions For ¢ squarefree and j > 1,

qj ! Zf]

ab=q

(B.8)

where f; is the multiplicative function defined by

P —(p—1)

f' p) = ; )
W=y

We will also find the following estimate useful.

fip*) =0 fork>2.

Lemma B.1. Let j > 2 be an integer and A a positive real. Let m > 1 be an
integer. Then

1 —1
(B.9) 2 ple) S H(”E) |
(a,m)=1

13The author would like to thank O. Ramaré for teaching him this technique.
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It is useful to note that ((2)/¢(4) = 15/7% = 1.519817... and ¢(3)/((6) =
1.181564....

Proof. The right side of decreases as A increases, while the left side depends
only on [A]. Hence, it is enough to prove when A is an integer.
For A =1, is an equality. Let

C:%'Hoﬂ%yl'

plm
Let A > 2. Since

Z Mza(ja) —C_ Z Mi(ja)

a>A a<A
(a,m)=1 (a,m)=1
and
2 2 0o
_ 1 (a) p(a) 1 1
C= Y < Z 7 + E + N t_]dt
a a<A
(a,m)=1 (a,m)=1
pia) 1 1
B — d A (j-nATY
(a,m)=1
we obtain
2 j—1 2
p(a) 1 A -1 p*(a)
Z ol AL O Ai-1 % Z al
a>A a<A
(a,m):l (a,m):l

c At-1 /1 1 1 p?(a)
< Ai—1 T A1 (E T (j — 1)Aj—1> AL Z al
a<A
(a,m)=1

< C 1 1 1 1 1 1
swtaa\Utw)\ati1) )
Since (1 —1/A)(1/A+1)<1land 1/A+1/(j —1) <1 for j > 3, we obtain that
1 1 1
() () <
for all integers j > 2, and so the statement follows. O

We now obtain easily the estimates we want: by and Lemma (with
j=2and m=1),

2 b) 2 b 2(a
Z:Z(S;:Z sz(L)uéQ) Szfzé) 3 ua(z)

(B 10) 2 q>r ab=q b>1 a>r/b
' ¢(2)/¢(4) - o — 1 6.7345
< RS no = S TT (14 g ) <50

b>1 p
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Similarly, by (B.8)) and Lemma Bl (with j = 2 and m = 2),

,U :Zf2 ZM _1+1/22 Zf

q>r b>1 a>r/b b odd
(Bll) q odd b odd a odd
12 1 2p—1 2.15502
- =11 (1 + )
T (p—1)2 r
(B.12) W) Z #(g) _ 431004
— #(a)? ¢(q)? r
qzr q>r/2
g even q odd
Lastly,
(B.13)
u (9)q L or
Zf<2 =2 @ Zu <> 5o G+
—  ¢(q) — 2¢(d) \d
q<r q<r d|q d<r q<r d<r
q odd q odd d odd dlq d odd
q odd
<Is Lol L g+ 98T 4 g2
-2 i) o(d)d 2 e o(d) — 4
d odd
where we are using (B.3]) and (B.G]).

APPENDIX C. VALIDATED NUMERICS
C.1. Integrals of a smoothing function. Let

(1) bt 232 —xz)%e” 12 ifte|0,2],
’ ' 0 otherwise

Clearly, h(0) = W'(0) = h"(0) = h(2) = A/(2) = h"(2) = 0, and h(z), h'/(z) and
h"(x) are all continuous. We are interested in computing

Cp = / R®) () e
0

for 0 < k < 4. (If k = 4, the integral is to be understood in the sense of
distributions.)
Rigorous numerical integratio gives that

(C.2) 1.6222831573801406 < Cp < 1.6222831573801515.

We will compute Cj, 1 < k <4, in a somewhat different Way

The function (23(2 — 2)3e*1/2) = ((23(2 — 2)3) + 23(2 — 2)?)e* /2 has the
same zeros as Hi(z) = (#3(2 — 2)3)" + 23(2 — 2)3, namely, 0, 2, v/10 — 2 and
—(+/10 + 2); only the first three of these four roots lie in the interval [0,2].

4By VNODE-LP [Ned06], running on PROFIL/BIAS [Knii99].
151t does not seem possible to use [Ned06] directly on an integrand involving the abs function,
due to the fact that it is not differentiable at the origin.
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The sign of Hi(z) (and hence of h/(x)) is + within (0,110 — 2) and — within
(v/10 — 2,2). Hence

cy O /0 1 (@)]de = [h(v/I0 — 2) — h(0)] + [A(2) — A(VIO - 2)]

= 2h(V10 — 2) = 3.58000383169 + O* (10~'?) .

The situation with (23(2 — 2)3e®~1/2)" is similar: it has zeros at the roots of
Hy(xz) = 0, where Ho(z) = Hy(x) + H{(z) (and, in general, Hy,1(x) = Hy(x) +
Hj(z)). The roots within [0, 2] are 0, v/3—1, v/21—3 and 2. Write az; = vV3—1,
a2 = v/21 — 3. The sign of Hz(z) (and hence of h”(x)) is first +, then —, then
-+. Hence
(C4)

00 az1 az 2 2
Cs :/ |h (x)|zdx :/ h" (z)zdx —/ b (z)xdx +/ h" (x)xdx
0 0 «

2,1 Q2,2

2,1 Q22
= ' (z)z|g>" —/ b (z)dz — <h'(a:)x ar: —/ h’(x)dx)
0 «

2,1

2
(@)l - /a W (2)da

2,2
= 2h/(04271)04271 — 2h(04271) — 2h/(04272)04272 + 2h(04272)
= 1527956091266 + O* (107'1)..

To compute C3, we proceed in the same way, except now we must find the roots
numerically. It is enough to find (candidates for) the roots using any available
tool'd and then check rigorously that the sign does change around the purported
roots. In this way, we check that the roots as 1, ag2, as 3 of Hz(z) = 0 lie within
the intervals

[0.366931547524632, 0.366931547524633],
[1.233580882085861, 1.233580882085862],
[1.847147885393624, 1.847147885393625],

respectively. The sign of H3(z) on the interval [0, 2] is first +, then —, then +,
then —. Proceeding as before, we obtain that

Cy = / B ()| da
0

(C.5) 3
=2

J

(=17 (W (s g)as ; — 20 (o3,5)as j + 2h(as ;)
1

and so interval arithmetic gives us
(C.6) Cs = 131.3398196149 + O* (10~) .

The treatment of the integral in Cy is very similar, at least as first. The roots
ay1, g of Hy(x) = 0 lie within the intervals

[0.866114027542349, 0.86611402754235],
[1.640243631518005, 1.640243631518006].

16Routine find root in SAGE was used here.
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The sign of Hy(x) on the interval [0, 2] is first —, then +, then —. Using integration
by parts as before, we obtain

o
/ ‘h(4)(x)‘a:3da: = lim h(g)(x)a:?’ — lim h(?’)(a:)x?’
0

z—0t T2~

+2Z (h<3 ()l ; — 30" (quj)ad; + 61 (qu ) s — Gh(%))

= 2199.91310061863 +0(3-1071).

Now
/ WY (1) |da = limn, W (246 —hB(2—¢)]- 23 =48.€%2. 25,
- €—

Hence
(C.7) Cuo =48 - €37 2% = 3920.8817036284 + O (10719).

C.2. Extrema via bisection and truncated series. Let f : I — R, I C R.
We wish to find the minima and maxima of f in I rigorously.

The bisection method (as described in, e.g., [Tuclll §5.2]) can be used to show
that the minimum (or maximum) of f on a compact interval I lies within an
interval (usually a very small one). We will need to complement it by other
arguments if either (a) I is not compact, or (b) we want to know the minimum
or maximum exactly.

As in §5.30 let j(p) = (1 4+ p?)Y/2 and v(p) = /(1 +j(p))/2 for p > 0. Let T,
cos By, sin by, ¢y and ¢; be understood as one—varlable real—valued functions on p,
given by B.13), (6.25) and (E.31)).

First, let us bound Y(p) from below. By the bisection method™] applied with
32 iterations,

0.798375987 < <n;i<n T(p) < 0.798375989.

Since j(p) > p and v(p) > \/j(p)/2 > \/p/

1
S ST < Ve~ v
and so
(C.8) T(p)>1- p > L

20(p)(v(p) +i(p) — V2p
Hence Y(p) > 0.8418 for p > 20. We conclude that

(C.9) 0.798375987 < min T(p) < 0.798375989.

Now let us bound ¢y(p) from below For p > 8,

1 1
81n90—\/§—2—> S 5
v \/

whereas cos fy > 1/v/2 for all p > 0. Hence, by (@)

0.7983 1
: > =
(C.10) lp) 2 —7=+5

17Implemented by the author from the description in [Tuclll p. 87-88], using D. Platt’s
interval arithmetic package.

> 1.06




MAJOR ARCS FOR GOLDBACH’S PROBLEM 123

for p > 8. The bisection method applied with 28 iterations gives us that

11 >1+45-108>1
(C.11) o 01<ax<8co(p) >1+4+5-107° >
It remains to study co(p) for p € [0,0.01]. The method we are about to give
actually works for all p € [0,1].
Since

(Vita) = !

VI2) =~ q e

1
20/1+ 2’

(ﬁ) R i>3/2’ (ﬁ) - <<1119f>23/2>/ e +3/x4>5/2’

a truncated Taylor expansion gives us that, for x > 0,

1 1 1

1+-2—-2>°<Vi+z<1+ -z
27 8 2

(C.12) o ) 1 5,

—Zr< <1— x4 222

P e

Hence, for p > 0,
1+ p2/2 = p*/8 < j(p) < 1+ p%/2,

(C.13) 2 4 6 8 2
14 p°/8 —5p* /128 4 p° /256 — p°/2048 < v(p) < 1+ p“/8,
and so
(C.14) v(p) > 1+ p*/8 — 5p* /128
for p < 8. We also get from (CI2]) that
‘ , 2
1 1 <1 Lil) 1+§<J(P) 1)
o) i 2 2 8\ 2
1 p2 p4 3p4 p2 7p4
C.15 <l—--(~-= — <l - =4 =
( ) - 2<4 16 +816_ 8+128’
N 2
1 1 21_}3@) L
Hence
sinfy = ,/ \/ ——p,
1 256 16
(C.16)
Sln90 E Z’
while
1 1 p2 p2 7/)4
(CA7) cosbo TP R TR 16 256
By (C.13) and (C.I5),

1—p?/8 1 3p? 303
(C.18) P el 8 p (L 307N _p 307
(v+j7) T 22+5p2/8 T 2\2 32 4
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Assuming 0 < p <1,

1 502 95t /502 9pt\ 2 502 61p%
g = 1—L+L+<L——p> Sl——p -l-—pa
1420 %

16 64

and so, by and (C.I5]),

<p<1_7_p2+354 81 4 1618><£ 70 35p°
_4 .

1 3\N%2 1 /p2\? 3 5
S (/o W o R (A T
(C.19) 2\4 64 8 \ 16 4 64 512
2 3 5 6
p P Tp 3 1 4 29p 9p
>l—-+ -+ — | =+ 53 ——+ =
- 1 2w <256+2048>p 512 | 28
2

P P TP 165p"
=T 1732764 2048

where, in the last line, we use again the assumption p < 1.
For z € [-1/4,0],

1 x? 1 T T
V1 Dl [ E R [
T T S —apr T T2 B

1 2? 1
Vitr<ltoo——<1+om

2

8 2
Hence
(C.20)
2 4 2 4 2 4
P P p? Tp pe Tp
1-L - P <eoshp<y/1- 4L <1 L 40
32 33/2.256 — 0= 16725 = 32 512
P 7 9 49 4 : P
Pli— L2 2 ) <gingy < ?
4( 32" T 3256”7 ) =0 =g
for p < 1. Therefore,
co(p) = Y(p) - cos By + sin b
p P Tp° 165 P’ p
>(1-f4+ L8 22 (-
4 32 64 2048 32 33/2.256
P T 9

1 128" T 32.1024"
3 3 167 7 3 7V3
S (f URVE TS I P L Eh DAL ) P
16 2301 ' 2048 2048 ' 192 147456

3

14 4
>14+ = —0.094
> +16 0.0949p",
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where we are again using p < 1. We conclude that, for all p € (0,1/2],

co(p) > 1.
Together with (C.10) and (C.I1), this shows that

(C.21) co(p) >1  Vp>0.

It is easy to check that c¢(0) = 1.

(The truncated-Taylor series estimates above could themselves have been done
automatically; see [Tuclll Ch. 4] (automatic differentiation). The footnote in
[Tuclll p. 72] (referring to the work of Berz and Makino [BM98] on “Taylor
models”) seems particularly relevant here. We have preferred to do matters “by
hand” in the above.)

Now let us examine 7(p), given as in (5.43]). Let us first focus on the case of
p large. We can use the lower bound (C.§) on Y(p). To obtain a good upper
bound on Y(p), we need to get truncated series expansions on 1/p for v and j.

These are:
(C.22)

Y e A L S VN C U N S U SR
v(p) = 5 < 2+2—|—4 =1/3 1+p+2p2§\/;<1+\/§p>,
together with the trivial bounds j(p) > p and v(p) > /j(p)/2 > /p/2. By
(@.22),
N Y
vZ—v 1\2 - 2
o TRV (O ) (0
20+43) 2 VR
:1 2 V2 1 1 2 ZE—FW
—z+<7+w <+ ;)

for p > 15, and so

i 8
.24 >2 —

for p > 15. In fact, the bisection method (applied with 20 iterations, including 10
“initial” iterations after which the possibility of finding a minimum within each
interval is tested) shows that (C.23)) (and hence (C.24)) holds for all p > 1. By

m?

P> P
(C.25) ) \/12_”<1+\%21p)< §<11+f%p2+p+12ip)

> . > - =
TV 1+t T V2 20 V2P

for p > 16. (Again, (C28) is also true for 1 < p < 16 by the bisection method; it
is trivially true for p € [0, 1], since the last term of (C.25]) is then negative.) We
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also have the easy upper bound
p 1 1 1 1

< R S
20(v + 7) 2 \/7 \/7_’_/) T2+l V2 2 (2p)3/2

valid for p > 1/2.

Hence, by (C.12), (C.25) and (C.26),

= \/1 + <2v(vp+ j)>2 B 2v(vp+ )

<1+1<1 1)2 LN S SR S

T 2\V2p 2 V2p 20 V20327 V20 p

for p > 3. Again, we use the bisection method (with 20 iterations) on [1/2, 3],
and note that 1/1/2p < 1/p for p < 1/2; we thus obtain

11
C.27 T<l-——+-—

(C.26)

for all p > 0.
We recall (5.43)) and the lower bounds (C:24) and (C.8]). We get

W%2ﬂ@((-%ﬁ (-5 05)

nsfoego3) (- Be) 40
1

1 11
L e (i)

2 V2p ( ) V2p o p
oy ottt 37
T V2p dp 892 V2052 pP T 2p 16p

for p > 2. This implies that n(p) > 1 for p > 11. (Since our estimates always
give an error of at most O(1/,/p), we also get lim,_,o 7(p) = 1.) The bisection
method (with 20 iterations, including 6 initial iterations) gives that n(p) > 1 also
holds for 1 < p < 11.

Let us now look at what happens for p < 1. From (C.19), we get the simpler

bound

2
p P 3 p
(C.29) T>1 1Tt 2l

valid for p < 1, implying that

for p < 1. We also have, by (5.23) and (CIS),

1 o\ p 1/p\2 (p 30°
T<i4-= _) - < —(—) B
= +2<2U(U+y)> Suut)) 2 \d 1 64
2 3
p,p° 3p p . 5p°
<1 Pyl 2 P
sttt a st i T w

(C.30)
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for p < 1. (This immediately implies the easy bound T < 1, which follows
anyhow from (5.22)) for all p > 0.)

By (C.13),
i_o_1+p2-p"8 1+p/2 pt/8 _ 8
2 _ ., = 2 = =2
v <1+P8—2)—<1+%> f+6& P
for p < 1. Therefore, by (BI{D
AN VA i WS Y OV S SR B
\f 64 128) 2 176 2 2 2
41 £+£_E_} L P TP _p 43 10t 3
;i 3y T 2\ T2 ) e e e T
4 3
> 2
>--3

for p < 1. This implies the bound n(p) > 1 for all p < 1. Conversely, n(p) >
4/p — 3/2 follows from n(p) > 1 for p > 8/5. We check n(p) > 4/p — 3/2 for
€ [1,8/5] by the bijection method (5 iterations).
We conclude that, for all p > 0,

(C.31) 7 > max <1, % - g) .

This bound has the right asymptotics for p — 0™ and p — +oo.
Let us now bound ¢y from above. By (C20) and (C.30),

2 4
co(p) = T(p) - cos by + sin by < <1—£+5i> (1—p—+7i> +§

(C.32) L ) Yo . 54 3654 322 512
<1 (B T 3y
64 128 2048 2048 215 15
for p < 1. Since Y < 1 and 6y € [0,7/4] C [0,7/2], the bound
(C.33) co(p) < cosfy + sinfy < V2

holds for all p > 0. By (C.27), we also know that, for p > 2,

1 1
co(p) < (1 - —+ ;) cos 6y + sin O

V2p
(C.34)
1 1 1 9
<q/(1-—=+ +1<v2(1 < > .
\/< ) NPT
From (C.31]) and (C33)), we obtain that
(C.35) %(1+2c(2))§1-(1+2'2):5

for all p > 0. At the same time, (C.31]) and (C32) imply that
-1 2 4
%(1—1—20%) < <%—g> <3+41i5+%>
4 8 45  675) ~ 4 2
for p < 0.4. Hence (1 + 2c¢2)/n < 0.86p for p < 0.29. The bisection method
(20 iterations, starting by splitting the range into 2® equal intervals) shows that
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(14 2c3)/n < 0.86p also holds for 0.29 < p < 6; for p > 6, the same inequality

holds by (C.35).

We have thus shown that
1+ 26(2)
n

(C.36) < min(5,0.86p)

for all p > 0.

Now we wish to bound y/(v? — v)/2 from below. By and (C.13)),

2 4\ 2 2

op p

2_p> (142222 ) (142
v ’U_<+8 198 +8

(C.37)

for p > 1, and so

2 8
and this is greater than p/6 for p < 1/3. The bisection method (20 iterations, 5
initial steps) confirms that +/(v? —v)/2 > p/6 also holds for 2/3 < p < 4. On
the other hand, by (C22) and v? = (1 +5)/2 > (1 + p)/2,

v — v J”z\f(hfp \/_\/ ; 1 L)

2 V2p

D)

for p > 4. We check by the bisection method (20 iterations) that /(v? —v)/2 >
V/P/2 —1/2%/2 also holds for all 0 < p < 4.
We conclude that

Y

(C.38)

2 _ 6 if p<4
(C.39) YU % L=
2 Y — . forall p.

We still have a few other inequalities to check. Let us first derive an easy lower

bound on ¢;(p) for p large: by (C.8)), (C.23)) and (CI2),
I I S SRS N NV B
vZ — v vZ—v V2p p  p32 V2p
2 1 1 1 2 3
8 b D
\[p< 2p dp 2p p 4p
for p > 1. Together with (C.34)), this implies that, for p > 2,

c—1/V2 _ f( #Jr%p) 1 1—%+si

B S af8) a8

again for p > 1. This is < 1/4/8p for p > 8. Hence it is < 1/v/8-25 < 0.071 for
p > 25.
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Let us now look at p small. By (C.13)),

2\ 2 2 4 2 4
5p p° 9p

2_<1P _1/)_ _
! U_<+8 T T3) T8 T ®

for any p > 0. Hence, by (CIH) and (C.29),

1+1/v 2—p?/8 p 4 5 5 p
) = a= 2y [ (1-5) 25 (1-3°) (1= 7).
8

32

whereas, for p <1,
co(p) = Y(p) - cosby+sinfy < 1+sinfy <1+ p/4

by (C20). Thus
1
co — 1/\/5 < L+ g V2
V2eap T V24 (1-307) (1-4)
for p < 0.1. We check the remaining interval [0.1,25] (or [0.1, 8], if we aim at the
bound < 1/4/8p) by the bisection method (with 24 iterations, including 12 initial

iterations — or 15 iterations and 10 initial iterations, in the case of [0.1,8]) and
obtain that

< 0.0584

—1/v2
0.0763895 < max M < 0.0763896

>0 2
(C.40) P02

In the same way, we see that
1
Co <

— < <0.171
ap ~ \pl-— 4—3p

for p > 36 and

Co < 1+ g

cp _52)(1_2

cp”4(1-307) (1-14)
for p < 0.1. The bisection method applied to [0.1, 36] with 24 iterations (including
12 initial iterations) now gives

< 0.267

(C.41) 0.20887 < max 2 < 0.29888.
p>0 c1p

We would also like a lower bound for ¢y/c;. For ¢y, we can use the lower bound

co > 1 given by (C21). By (CI5), (C30) and (C.37),

2 7%
T 2B (o,
v —wv — \ p?/8 —5pt/64

4 5p° p  5p? 4
<—(1+—=)(1-+—) <-
_p<+16>< 16 p

for p < 1/4. Thus, c¢o/(c1p) > 1/4 for p € [0,1/4]. The bisection method (with 20
iterations, including 10 initial iterations) gives us that ¢o/(c1p) > 1/4 also holds
for p € [1/4,6.2]. Hence

C
2>
C1

RS

for p <6.2.
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Now consider the case of large p. By and T <1,
2 - I
(C.42) S 1/ > (v =v)/p S 11 1/\/2p

c1p EXVR Vi Vit V2 i+

—v

(This is off from optimal by a factor of about v/2.) For p > 200, (C.42)) implies
that co/(c14/p) > 0.6405. The bisection method (with 20 iterations, including
5 initial iterations) gives us co/(c14/p) > 5/8 = 0.625 for p € [6.2,200]. We
conclude that
co . (p D

C.43 - > -, = .
(C.43) 61 _mm<4,8m)

Finally, we verify an inequality that will be useful for the estimation of a crucial

exponent in one of the main intermediate results (Prop. B.I). We wish to show
that, for all o € [0,7/2],

sin 2« sin o 5sin® o

(C.44)

a — = J—
4dcos?§ T 2cos?a 24 cosa

The left side is positive for all a € (0,7/2], since cos? /2 > 1/v/2 and (sin 2«) /2
is less than 2a/2 = a. The right side is negative for a > 1 (since it is negative
for a = 1, and (sin a)/(cos a)? is increasing on ). Hence, it is enough to check
(C.44)) for o € [0,1]. The two sides of (C.44]) are equal for a = 0; moreover,
the first four derivatives also match at a = 0. We take the fifth derivatives of
both sides; the bisection method (running on [0, 1] with 20 iterations, including
10 initial iterations) gives us that the fifth derivative of the left side minus the
fifth derivative of the right side is always positive on [0,1] (and minimal at 0,
where it equals 30.5 + O* (107?)).
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